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Abstract

This is a lecture note originated from the course “Differentiable Manifold” taught at
Xiamen University from 2017 to 2020. The course is taught in 16 weeks with three 45-
minutes classes each week. The audience are usually first year graduate students and senior
undergraduates with a math major.

The main objective of this note is to provide a quick view to all the basics in Differ-
entiable Manifolds, as well as an introduction to Riemannian Geometry. This note is not
self-contained, since many proofs of theorems can be easily found in standard textbooks.
More efforts are made in explaining the geometric ideas lying behind the concepts, and
treating the contents as a natural generalization of the classical calculus in Euclidean spaces.

Any suggestions or comments are welcome.

Email: songchong@xmu.edu.cn
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2 CHAPTER 0. INTRODUCTION AND PRELIMINARIES

0.1 About the course

0.1.1 Euclidean space revisited

The familiar Euclidean space is a model space with rich structures. We have learned

that the Euclidean space E™ is, among other things,

o A linear space or vector space. That means after fixing a point O as the origin, each
point P can be identified with a vector v = O? (ie. an object with both length and
direction). Then we can define scalar multiplication and addition of vectors. In this
way, we think of E™ as a space of vectors, such that for each vector v, € E", the
vector A0 + pai also belongs to E™, for all A\, € R!. Then we can talk about linear

independent basis and discuss about linear transformations of the space.

e A metric space. For every two points P, Q) € E", we can define the distance function

d(P, Q). The distance function d then satisfies

1. d(P,Q) > 0 and the identity holds iff P = @);

2. d(P,Q) = d(Q, P);
3. the triangle inequality d(P, Q) + d(Q, R) > d(P, R).

e A topological space. The topology defines the ”openness” of arbitrary sets. It then
follows the notion of close and compact sets, neighborhoods, etc. Moreover, we can
define continuous maps and homotopy, homology on topological spaces. Note that the

topology can be induced by the metric structure on E”.

o A differentiable space. This means, by introducing a coordinate system, that we can
perform differentiation on functions defined on E". Then we have the notion of tangent

vectors and we can push through a long way to develop a full powerful kit of calculus.

e A geometric space. By introducing inner product on E", we can define length of vectors
and angles between them. In particular, we have the notion of orthogonal vectors. Then
we can proceed to define the length of a smooth curve, the area or volume of higher
dimensional regions by means of integrations. The geometric structure further leads

to a metric structure, hence a topology on E".

_ 9.



0.1. ABOUT THE COURSE 3

0.1.2 Goal of this course

In real word applications and also motivated by physics backgrounds, we need to study
spaces different from the standard Euclidean space. We are usually led to study spaces with
only one or two structures listed above, often in a more abstract way. Just think of the two-
dimensional sphere. It is not a linear space and we do not have a globally defined coordinate
system. However, locally around any point on the sphere, it looks exactly the same as the
two-dimensional plane. Imagine about the earth as a total space and the local area where
we live as a local region. It turns out that we can still do analysis and study the geometry
of this space.

In the course of differentiable manifolds, we will learn how to do calculus on such spaces.
Intuitively, manifolds are glued together by small pieces of the Euclidean space, but usually
in a very non-trivial way. Thus the global picture of the manifold can be very complicated
and totally different from the familiar Euclidean space. Furthermore, we want to study the
geometric structures on manifolds by assigning a general notion of inner products. This leads

to the fascinating subject of Riemannian Geometry.

0.1.3 References

In graduate courses, you should get used to self-motivated study and learn from different
resources. Try not to stick to one textbook when you get stuck! In the reference below are

some textbooks we will often refer to.

0.1.4 Online study and exam

We might need to study online, at least for several weeks at the beginning of this
semester. I will upload lecture notes and short videos that explain the main concepts to the
website: http://course.xmu.edu.cn/. You can also download digital version of the textbooks
in the reference. Read the lecture notes carefully before each class, and refer to textbooks
for more details. Online classes will be devoted to proofs of theorems, discussions and Q&A.

Try to do all the exercises in this note as homework by yourself. The examples also
serves as standard exercises. You can find more exercises in reference [2] and [4]. You are

required to hand in your homework every Friday during the period of online teaching, by

_ 3.



4 CHAPTER 0. INTRODUCTION AND PRELIMINARIES

email and in pdf format. My email address is: songchong@rmu.edu.cn. It is preferable to
prepare the pdf file in LaTex.

The final exam will be in the form of a two-hour paper at the end of this semester,
covering all the topics in this lecture note. Your final score in this course will depend on
your performance in class (30%), of your homework (20%) and the final exam (50%).

Ask me online if you still have any questions about the course.
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0.2 Preliminaries

Here we list some basic concepts and theorems that we need. For self-contained proofs
of the theorems, we refer to the appendix of [I] and Chapter 0 of [2]. You can also refer to

any standard textbook for more details.

0.2.1 Basic topology

Let X be an nonempty set.

Definition 0.2.1 A topology 7 of X is a family of subsets in X, which is called open sets,
which satisfies the following properties:

1. the total space X and empty set O belongs to 7;
2. the intersection of finitely many open sets is an open set;
3. any union of open sets is still open.
We call the pair (X, T) a topological space.
Definition 0.2.2 Let A be a family of subsets in X. If B satisfies

1. for any point x € X, there exists B € & such that © € B;

2. for any two subsets By, By € A, if there is a point x € By N By, then there exists
Bs € B such that x € B3 C B1 N Bs.

Then % is called a topological basis of X.

Definition 0.2.3 Let (X, 7) be a topological space and x € S is a point. Suppose U is a
set that contains x. If there is an open set A € T such that x € A C U, then U is called a
neighborhood of x. If U 1is open, then U is called an open neighborhood of x.

Starting from a topology define above, one can proceed to define closed sets, continuous
functions similar to those in Euclidean spaces.

Finally, we also need the following concepts. Let X be a topological space.
Definition 0.2.4 If X has a countable basis of open sets, then we say X s second countable.
Definition 0.2.5 If for any two distinct points x,y € X, there exists two open sets U,V
such that v €e U,y € V and UNV = (), then X is called a Hausdorff space.

- 5.



6 CHAPTER 0. INTRODUCTION AND PRELIMINARIES

0.2.2 Implicit and inverse function theorem

Theorem 0.2.6 (Inverse Function Theorem) Let 2 C R™ be an open set and f : Q —
R™ be a C* map, k > 1. If the Jacobian matriz D f(xo) is invertible for xo € €0, then there

exists an open neighborhood U os xo such that f is a C*-diffeomorphism on U.

Theorem 0.2.7 (Implicit Function Theorem) Suppose U C R™, V C R" are two open
sets and F : U x V — R" is a C' map. If F(xg,y0) = 0 for some (z9,y0) € U x V and the
Jacobian determinant

OF O(F',. - | F™)
D, F = — =
det Y ay (xo’ yO) 8(y17 e ’yn)

(x07 y()) 7& 07

then there exists a neighborhood U’ near xo, V' near yy and an implicit function f : U — V'

such that the graph
{(z, f(2))]z € U'} = {(z,y) € U' x V'|F(x,y) = 0}.

One can first prove the Inverse Function Theorem by the following contraction mapping

principle, and then prove the Implicit Function Theorem.

Theorem 0.2.8 (Contraction mapping principle) Let M be a complete metric space

and suppose T : M — M is a map such that
d(Tz, Ty) < 0d(z,y),

where @ < 1. Then T has a unique fized point.

Exercise 0.2.9 Show that the Inverse Function Theorem and the Implicit Function Theorem

are equivalent.

As an application of the IFT, we have the following Rank Theorem. Recall that the
rank of a function F' : U — R" at z € U is defined as the rank of the Jacobian matrix
DF(z). We say that F' has rank k if the rank of F' equals k at every point x € U.

Theorem 0.2.10 (Rank Theorem) Let U C R™, V C R" be open subsets and F : U — V
be a smooth function with rank r. Then for any a € U,b = F(a) € V, there exists open

- 6-



0.2. PRELIMINARIES 7

neighborhoods U' C U, V' C V and smooth diffeomorphisms u : U — R™, v : V' — R"™, such

that the composed map vo F ou™! has the form

’UOFOU_l("Ijl’... ,[L‘m):(l’l,"' ,I‘T‘,O,"' ’O)

Proof.  First we construct the map u. Since F = (f!,---, f*) has rank r, by rearranging

indices if necessary, we may assume that the r x r matrix

(3)
027 /1 <ijer

is non-degenerate in a neighborhood of a. Define the map u by

U(J?l,--- 7$m) = (fl(l‘)7 ’fr(x)’xr—&-l’_” ’xm>.

Obviously, Du is non-degenerate, hence by the IFT, there is a small neighborhood U’ ¢ U

on which u has a smooth inverse v~!. Then the composed map F o u~! has the form
Fou'(z,-- 2™ = (a", -, 2", g*(x), - ,g" " (x)).

Note that F o u~! also has rank r. It follows that the matrix

(5)
8:1:5 1<a,f<n—r

vanishes. Therefore, the functions ¢*,1 < a < n — r only depend on x

L ... 2". (One may

assume the domain is a convex ball.)

Next we construct the function v by

Then Dv has the form
I, 0
* ITL*T
and hence is a smooth diffeomorphism on a neighborhood V' C V.

_7-



8 CHAPTER 0. INTRODUCTION AND PRELIMINARIES

It is easy to check that u, v satisfies the requirements and the theorem is proved. [l

0.2.3 Sard’s theorem

For a differentiable map f : R™ — R", rank f(x) is the rank of the Jacobian matrix D f

at x.

Theorem 0.2.11 (Sard’s Theorem) Suppose U C R™ is an open set, ' : U — R" is a
smooth map. Let A = {x € U|rank F(x) < n}, then the (Lebesgue) measure of F(A) C R"

18 Zero.

For a proof of the Sard’s theorem and more detailed discussions, we refer to Chapter
1.30 in [2]. Intuitively, the measure of A is zero because it is a low dimensional set. As
an easy corollary, if m < n, then the image of a smooth map has measure zero, since
rank F' < min{m, n}.

0.2.4 Basic ODE theory

Theorem 0.2.12 Suppose U C R™ is an open set and F' : I xU — R™ is Lipschitz inx € U.
Then for the ODE

d

Elf(t) = F(t,z(t)), [f(0)=uxz€U.
1. there is a unique continuous solution x(t) : [0,T) — R"™ for some T > 0;
2. the solution xz(t) is smooth if F' is smooth;

3. x(t) and T depends continuously on the initial value x.

This theorem can also be proved by using the contraction mapping principle.
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12 CHAPTER 1. MANIFOLDS

1.1 Definition of differentiable manifolds

Intuitively, a manifold is glued together by small pieces (open sets) of Euclidean spaces.
We say a manifold is differentiable if the pieces are glued in a smooth way. An easy example
you may keep in mind is the standard 2-sphere, which can be constructed by gluing two caps
(open disks) together. Also the standard Euclidean space serves as a trivial example (only

one piecel!).

1.1.1 Differentiable structure

There are usually two ways to introduce the concept of differentiable manifold. A
popular way is to start from topological manifolds an then add the differentiable structure,
which appears in most textbooks (cf. [2]). But here we follow Hitchin [I] and construct the

differentiable manifolds directly (which naturally induce the topology).

Definition 1.1.1 A coordinate chart on a space X is a subset U C X together with a
bijection
¢:U—oU)CR"”
onto an open set ¢(U) in R™. The coordinates of a point p € U in this chart are just the
coordinates of ¢(p) = (z*(p),--- ,z"(p)) € R™.
A coordinate chart is also called a local chart and denoted by (U, ), or (U, ¢;z") or
simply (U; x").

Thus a coordinate chart associates to each point of a local region (a small piece of
the space) a tuple of numbers, i.e. coordinates, such that we can express the point and
eventually do calculus. The Euclidean space E™ can be covered by one chart once we fix the
axes. However, many spaces can not be covered by a single chart. Thus we need to know
how different charts are glued together, or in other words, how to transform from one chart

to another.

Definition 1.1.2 An atlas on X is a collection of coordinate charts {(Uy, ¢o) }acr such that
1. X is covered by {Us}aer
2. for each a, B € I, ¢po(Us NUpg) is open in R™

- 12 -



1.1. DEFINITION OF DIFFERENTIABLE MANIFOLDS 13
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Figure 1.1: Atlas: gluing charts

3. for each o, 8 € I, the transition map

9pa = P50 Oy Ga(Ua NUs) — ¢(Ua N Up)
18 a smooth diffeomorphism.

The transition maps {g.s} play a key role in the construction of a manifold, and tells us
how to translate the coordinates in one chart to another, see Figure[l.I] for an illustration.

We say a function f is smooth if it has derivatives of all orders, and f is called a smooth
diffeomorphism if it has a smooth inverse. It is perfectly possible to define the atlas and thus
develop the theory of manifolds with less differentiability, by only requiring the transition
map belonging to C* for some integer k. But in our course, we will restrict ourselves to the
category of smooth maps for simplicity.

There could be different atlases on a space X. For example, we can choose different
axes on E". But we would like to think of X as an object independent of the choice of atlas,

just like the Euclidean space does not depend on the choice of axes.

- 13-



14 CHAPTER 1. MANIFOLDS

Definition 1.1.3 Two atlases {(Uy, ¢a) tacr, {(Vs,¥3) }ses are compatible or equivalent if
their union is an atlas. The equivalent class of an atlas is called a differentiable structure
on X.

An alternative way to define a differentiable structure is to consider the maximal atlas
which contains all possible compatible charts. Now we are in place to define differentiable

manifolds, which we will simply call manifolds.
Definition 1.1.4 A differentiable manifold is a space X with a differentiable structure.

One can easily see that the notion of dimension makes sense on a manifold, at least for
connected ones. The definition of a manifold takes into account the existence of many more
atlases. But to prove something is a manifold, all you need is to find one atlas.

Note that there is a natural topology on a manifolds which is induced by the differ-
entiable structure. One only need to define a subset V' C X is open if, for each a € I,
0o (V NU,) is open in R™. An immediate result is that the set U, in each chart is open.
More over, the coordinate map ¢, : Uy, — ¢o(U,) is a homeomorphism in the induced

topology.
Exercise 1.1.5 Check that the differentiable structure indeed gives a topology.

To proceed, we will always assume that the manifold topology is Hausdorff and second
countable in this course. The assumption is very common for topological spaces, which
implies that all manifolds are paracompact. That is, every open cover has an open refinement

that is locally finite.

1.1.2 Basic examples

Here are some examples of manifolds. For a discussion on the topology in quotient

spaces, we refer to Section 1.2 in [3].

1. Euclidean space.

2. The space of straight lines in the two dimensional plane.

- 14 -



1.1. DEFINITION OF DIFFERENTIABLE MANIFOLDS 15

3. Consider R! as an additive group and the subgroup of integers Z. The 1-dimensional

torus is the quotient space T! = R!/Z.

4. The n-dimensional sphere
S" = {z € R"™||z| = 1}.
5. The real projective space

RP"™ = {n-dimensional subspaces of R"'}.

We can also construct new manifolds from given manifolds.

e Open subsets of a given manifold are called open manifolds, e.g., the general linear
group
GL(n) ={A € M, y,|det A #0}.

e The product manifold of two manifolds M x N, e.g., the torus S x S*.

Exercise 1.1.6 Construct an atlas on the 2-dimensional torus
T? =R?*/(Z x Z).

1.1.3 Partition of unity

The atlas and the differentiable structure of a manifold defines the way in which small
pieces (local charts) are glued together. But sometimes, we need to go the opposite way,
namely, we need to decompose a globally defined object on a manifold to small pieces in a

specific way. The partition of unity offers such an useful tool.

Definition 1.1.7 A partition of unity is a family of smooth functions {¢a}acr such that

1. 0< ¢y < 1;

2. {supp @a tacr is locally finite;
3. Y ner o =1.

- 15-



16 CHAPTER 1. MANIFOLDS

Figure 1.2: Bump function

The key property of a partition of unity lies in item (2). Here locally finite means each z
is covered by at most finitely many supports supp ¢,’s. This ensures that the summation
in item (3) make sense. To construct a partition of unity, we start from the so-called bump
functions or cut-off functions.

We construct a bump function step by step (see Figure. First note that the following

function is smooth (but not analytic)

e/t t>0
f(t) = :
0, t<0

Now let
f(@)
f@)+ f(1-1)

so that ¢ is identically 1 when ¢t > 1 and vanishes if t < 0. Next write

g(t) =

h(t) = g(t +2)g(2 —1).

The function h(t) vanishes if [¢| > 2 and equals 1 where || < 1. Finally we make an
n-dimensional version

k(xy,--- ,2,) = h(x1)h(xs) - - h(zy,).

For any r > 0, the function k(z/r) is identically 1 in a ball of radius r and 0 outside of a ball
of radius 2r. This gives a baby-version of bump functions. By a simple covering argument,

we can construct the following cut-off function.

- 16 -



1.1. DEFINITION OF DIFFERENTIABLE MANIFOLDS 17

Lemma 1.1.8 Let U,V C R™ be two open sets where U C V, then there exists a smooth
bump function ¢ such that
1, zeU;

¢(x) =
0, zeR"\V.

Proof.  For simplicity, we assume U is compact. For each p € U we can find some r, > 0
such that

Then {B,,(z)},cp forms an open cover of U. Since U is compact, we can find a finite
sub-cover {B,, (z;) h<i<k-
From previous discussion, there is a bump function g; such that g; = 1 on B, (x;) and

vanishes outside By, (x). Now we set

K
o) =1- (1 - g(x)).
i=1
Then one checks this function satisfies the lemma. O

Now we are in place to construct the partition of unity. Recall that by assumption, our

manifolds are Hausdorfl and second countable.

Theorem 1.1.9 Given any open covering {Vy}taer of a manifold M, there exists a partition

of unity {¢;} subordinate to {Vy}taer, i.e. for all i, there exists some «(i) € I such that
supp ¢; C Va)-

Proof.  Step 1. Exhaustion of M.

Since M is second countable, there is a countable basis of open sets {O;} such that
M = U;0,. We may assume that O, is compact, since we can shrink O; if necessary such
that each O; is homeomorphic to an open ball in the Euclidean space.

Now put G; = O;. Then since the compact set Gy is covered by U;O;, there are finitely

many O;’s, such that
Gl C UfilOi =: Go.

- 17-



18 CHAPTER 1. MANIFOLDS

Next we take the closure of G5 and repeat the process. By induction, we will eventually get

an exhaustion sequence {G;} such that
M = U?ilGia Gz C Gi+1.

Step 2. Locally finite refinement.

For each 7 > 1, consider the set
Ki = Gi+1 \ Gl C EZ = Gi+2 \ Gifl-

Since the compact set K; is covered by {V, N E;}, we can extract a finitely cover of open
sets which we denote by {U; }1<i<r,;, such that K; C UleilUil.

Clearly {Ui}<i<toon<i<r; 18 a locally finite cover of M, since for each i, Uy N U;s = 0
for sufficiently large j.

Step 3. Bump functions.

Now for any x € M, there is an integer ¢ such that x € K;, thus we can find some
U; which covers x. Then by Lemmal(l.1.8] we can construct a bump function v, such that
supp ¢, C Uy and v, |w, = 1 for some open neighborhood W,.

Because the compact set K; is covered by {W,}.ck,, again there is a finite cover

{Wis}i1<s<s, with corresponding bump functions {#;s}. Finally, we let

wis
Gis = =
Zi,s wis
This gives the desired partition of unity after re-indexing. U

Exercise 1.1.10 For a compact manifold, the construction of partition of unity can be con-
siderably simplified. For an open covering of a compact manifold M, try to prove the existence

of a partition of unity by yourself.

Exercise 1.1.11 Suppose U is an open subset of a manifold M and p € U is a point. Show
that for any smooth function f : U — RY, there is a smooth function f: M — R' such that
f coincides with f on a neighborhood of p.

- 18-



1.2. MAPS AND SUBMANIFOLDS 19

1.2 Maps and Submanifolds

In this section we define smooth maps between manifolds and then introduce the concept
of submanifolds. Finally we will see that any manifold can be realized as a submanifold of

a large dimensional Euclidean space.

1.2.1 Smooth maps on manifolds

Given two manifolds M, N and a point p € M, a map F' : M — N is called a smooth
map at p if there exists a local chart (U, ¢;x) at p and (V,;y) at F(p) € N such that the
map

poFo¢™ 1 p(U) = v(V)

is smooth. If F' is smooth at any point in M, then we call it a smooth map on M. For
simplicity, we often write y = F(x) in local coordinates instead of y = 1o Flo¢~*(z) if there
is no need to emphasis the coordinate charts.

The rank of F at p is defined by rank of the Jacobian matrix D(1) o F o ¢~!)(p) and
denoted by rank F,. It is easy to verify that the rank F}, is independent of choice of local
charts and hence is well-defined. Obviously, if dim M = m and dim NV = n, then rank F}, <

min{m, n}; if rank F,, = min{m, n}, then we say F'is full rank at p.

Example 1.2.1 A smooth curve is a smooth map v : I — M, where I C R is an interval.

A curve is called closed if it extends to a smooth map v : St — M.

Example 1.2.2 A smooth function on M is a smooth map f : M — R'. Construct a

smooth function by using the bump function.

A smooth map F' : M — N is called a diffeomorphism if it has a smooth inverse
F~1: N — M. The role of diffeomorphism is just like that of homeomorphisms in topology.
If such a diffeomorphism exists, then we say the two manifolds M and N are diffeomorphic,

that it, they are equivalent in the category of differentiable manifolds.

Example 1.2.3 Let M be the standard real line RY with identity map ¢ = id as the coor-
dinate chart. Let N be the real line R' endowed with the coordinate chart 1)(z) = . Since

-19-



20 CHAPTER 1. MANIFOLDS

the function ¢ o v~'(x) = x'/3 is not differentiable at x = 0, the differentiable structures of
M and N are not equivalent by Definition[1.1.5. But there is a diffeomorphism

F:M—)N,x—>x1/3.

such that ¢ o F o ¢ = id. Thus the two manifolds M and N are in fact diffeomorphic.

A natural question is: on a given manifold, how many differentiable structures exist that
are not diffeomorphic? In 1956, J. Milnor first discovered an exotic differentiable structure
on S7 that is different from the standard one. It is known that the differentiable structure
on R™ n # 4 is unique in the sense of diffeomorphisms. However, the pioneering work of
Freedman and Donaldson showed that there are infinitely many different differentiable struc-
tures on R*. Many deep and sophisticated theories in geometry and analysis are developed

to answer these questions in topology.

Exercise 1.2.4 Show that the 1-dimensional torus T' = R/Z, real projective space RP?
and the 1-sphere S* are diffeomorphic.

1.2.2 Subsets as manifolds

The following theorem allows us to find more manifolds by an implicit method, i.e.

without constructing explicit atlas.

Theorem 1.2.5 Let Q C R™™ be an open set and F : Q@ — R™ be a smooth function.
Taking ¢ € R", if for each a € F~'(c), F is full rank, i.e. rankF, = n. Then F~'(c)
has the structure of an m-dimensional manifold which is Hausdorff and second countable.
Moreover, for each a € F~Y(c), there exists an neighborhood U C R™™ and a diffeomorphism
G:U—V CR™™ such that

GUNF () ={(v,y) e Vly=0€R"}.

Now we have more examples of manifolds.

Example 1.2.6 1. The n-sphere
S = {x € R"||z| = 1}.

- 90 -



1.2. MAPS AND SUBMANIFOLDS 21

2. The group O(n) of n X n orthogonal matrices, i.e.
O(n) = {A e M(n)|ATA=1,}.

We also note that some manifolds are groups in the mean time. This leads to the

definition of Lie groups, which provides a rich class of manifolds with nice properties.
Definition 1.2.7 A Lie group G is a manifold which is also a group, such that the map

GXG%G,(m,y)Hx-y‘l

18 smooth.

In fact, for differentiable manifolds, if the group multiplication is a smooth map, then
one can prove the inverse map is also smooth, see [5]. Many classical Lie groups arise from

the matrix groups. For example the general linear group
GL(n) ={A € M(n)|det A # 0}
and the special linear group
SL(n) ={A € M(n)|det A =1}

are both Lie groups.

Exercise 1.2.8 Show that SL(n) is a Lie group.

1.2.3 Submanifolds

The manifold F~!(c) in Theorem is a subset of a larger manifold, which is called
a submanifold. We can also view submanifolds as the image of a map from a given base

manifold, as follows.

Definition 1.2.9 Suppose M, N is a m- and n-dimensional manifold respectively, and F :
M — N is a smooth map. If for all p € M, rank F,, = m, then F' is called an immersion of
M into N, and (M, F) is called an immersed submanifold of N.

- 921 -



22 CHAPTER 1. MANIFOLDS

By the Rank Theorem (Theorem [0.2.10)), for any p € M, there exists a local chart
(U, ¢; z) and (V,1;y) such that locally the map has the form

y=1voFo¢ z)=(x,0) € R" x R"™.

It follows that F': U — F(U) is injective and homeomorphic. However, an immersion is not
necessarily injective globally. Also, the topology of M need not be the same as the induced
topology on F(M) from N.

Example 1.2.10 1. Consider the curve F : Rt — R? by
F(t) = (cost,sint).
One checks F' is a immersion, but it is not injective since it is periodic.
2. Consider the curve G : R! — R? by
T, . T
G(t) = (2 cos(2arctant — 5), sin2(2arctant — 5)) :

One checks G is a injective immersion. However, the induced subset topology on G(R')

from R? is different from the standard one on R*.

Thus we introduce the following definition. Recall that in the subset topology on
F(M) C N, an set U C F(M) is open iff it is the intersection of F(M) and an open
set in V.

Definition 1.2.11 Let F' : M — N be a smooth immersed submanifold. If F' s injective
and F: M — f(M) is a homeomorphism under the induced subset topology on F(M), then
F is called an embedding and (M, F') is called an embedded submanifold of N.

A theorem in topology says that an injective continuous map from a compact space to

a Hausdorff space is a homeomorphism. As a consequence, we have

Theorem 1.2.12 Any injective immersion from a compact manifold M is an embedding.
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Again by the Rank Theorem [0.2.10 we have a local description of the image of an em-
bedded submanifold. The following theorem says that, in a suitable local chart, an embedded

submanifold can be realized as a hyperplane of same dimension.

Theorem 1.2.13 Suppose F': M — N is an injective immersion. Then F' is an embedding

if and only if for any p € M, there is a local chart (U, ¢) containing ¢ = f(p) such that

¢(q) =0 and
FIM)NU ={seUlp*(s) =0,m+1 < a<n}.

Exercise 1.2.14 Let f : R' — Rt — (t,kt) be a line through the origin where k € Q° is
an irrational number. Show that F' = wo f : R — T? is an injective immersion but not
an embedding. Here T? = R?/Z x Z is the 2 dimensional torus and 7 : R?* — T? is the

projection map.
Using the above terminology, we can state a global version of Theorem[I.2.5 as follows.

Theorem 1.2.15 Suppose F': M — N is a smooth map of rank r, then for any q € F(M),
the pre-image F~1(q) is a (m —r) dimensional embedded submanifold of M.

Exercise 1.2.16 Prove Theorem[1.2.15.

1.2.4 Embedding theorems

Submanifolds can be very complicated. Actually, any compact manifold can be embed-
ded into a sufficiently large dimensional Euclidean space. Therefore, the study of manifolds

can be alternatively developed by studying submanifolds in Euclidean spaces.

Theorem 1.2.17 Suppose M 1is a m-dimensional compact manifold, then there exists an

integer n such that M can be embedded into R™.

Proof.  Since M is compact, by Theorem [1.2.12] we only need to construct an injective
immersion.

Choose an atlas of finitely many local charts (Uy;z5),1 < A < r, and open sets V), Wy,
such that Vy, € Wy, C Wy C Uy and {Vj,1 < X\ < r} is a cover of M. Thus by Lemmam,

there exists smooth cut-off functions f) which equals 1 on V) and vanishes outside of W).
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Now for n = r(m+ 1), we define a map F': M — R" by defining n smooth functions as
components of F. For 1 <i<mand 1<\ <7, let

25 (p) - falp), p €U
07 p ¢ U)\-

=1 Yh=

That is, we simply define y4 by the coordinate chart multiplied with the cut-off function,
and add an extra coordinate y§ as an index. This map F takes each local chart to different
slices of the large Euclidean space R".

It remains to check that F' is injective and is an immersion. First note that for any

p € M, there is some V, around p such that i = z4(p),i = 1,--- ,m. Thus the sub-matrix

25 1<i,j<m

is invertible, hence F' has rank m at p. Next if there is p;, po € Uy such that F(p;) = F(ps),

then we would have
(1) = falpr) = ya(p2) = falpe)
and
yA(p1) = 23(p1) - Fa(pr) = va(p2) = 25(p2) - fFalpo).

It follows o (p1) = x4 (ps). Since z is an coordinate chart, we have p; = py. Therefore, F' is
injective and the proof is finished. 0J

The above theorem can be greatly improved. In fact, the assumption of compactness
can be replaced by paracompact, and the dimension n can be reduced to 2m + 1. This is

the famous Whitney’s embedding theorem.

Theorem 1.2.18 (Whitney’s theorem) Fuvery differentiable m-dimensional manifold can

be embedded in (2m + 1)-dimensional Euclidean space.

For a proof of this theorem, we refer to Chapter 1.22 in [2].
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2.1 Tangent vector and Tangent space

One of our main goals in differential manifolds is to perform derivations (on various
objects) on manifolds. Let’s first recall derivatives of functions on Euclidean spaces. Suppose
f:R™ — R! is a smooth function, to define a derivative of f at some point x, we first specify
a direction (at x), which is just a vector v € R", and then define the directional derivative

b
' o fle 4 h) — f(x)
D) = fiy Ty

However, on a manifold which in general is not a linear space, we don’t know what a vector is.
Thus the key to generalize the idea, is an equivalent yet more geometric concept of 'vectors’,
which represents 'directions’.

There are usually three ways to define the tangent space at a point of a manifold:
1. define the tangent vectors as equivalent classes of curves
2. define the tangent vectors as linear operators on functions

3. first define the cotangent vectors as equivalent classes of functions, then define the

tangent space as the dual space of cotangent space.

2.1.1 Tangent vectors as equivalent classes of curves

Recall that in mechanics, a vector is usually the velocity of some particle. The velocity
in turn can be regarded as an infestimal movement of that particle. Namely, if a point is
moving along a path 7 : (a,b) — R3, then the velocity at time ¢ is 7/(¢), which is the limit of
the average speed in a short time interval. Thus a velocity is associated with some trajectory,
as a vector is tangent to some curve in the space. However, the correspondence is not unique:
different curves may very well be tangent to the same vector.

Now let’s apply the ideas to our manifolds. Given a point p € M, we consider a particle
moving through p. In mathematics, we represent a path passing p as a curve v : (—e€,€) — M
with v(0) = p. Then the velocity at t = 0 should give us a 'vector’. We think of this in the
opposite way: a 'vector’ (though not defined yet) could be represented by a curve (which

we already know how to define). The method should work as long as we keep one thing in
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Figure 2.1: tangent space

mind: different curves passing p with the same velocity represents the same vector. This
leads to our first definition of a tangent vector.

We say two curves [ and «y passing p are equivalent if, under a local chart (U, ¢) at p,

d

d
a t:0(¢07) = t:0(¢0 B).

Definition 2.1.1 The equivalent class [7y], of a smooth curve vy passing p is called a tangent
vector at p € M. The space of all possible tangent vectors at p is called the tangent space
of p, and is denoted by T, M.

The equivalence relationship is independent of the choice of local charts, since the deriva-
tives in different charts only differs by an invertible linear transformation. Thus the tangent

vector given by the equivalent class [7], is well-defined. See Figure[2.1]

2.1.2 Tangent vectors as linear maps

The definition of tangent vectors induces a natural action of a tangent vector on a
smooth function, namely, by directional derivative. More specifically, given a tangent vector

v =[v], € T,M and a smooth function f at p, we define

_d o fO@) = fp)
U'f—atzo(foﬂ—%g% ; :

This leads to the second definition of tangent vectors as follows.
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Definition 2.1.2 A tangent vector at p € M s a linear map X, : C*(M) — R which

satisfies the Leibnitz rule
Xp(f-9) = f(p)- Xpg +9(p) - XS

Obviously, the directional derivative on smooth functions induced by a tangent vector
defined in Definition satisfies the Leibnitz rule. Therefore, for any [y], € T,M in
Definition we can define a linear map X, as in Definition by

(fon).

t=0

dt

On the other hand, any linear map X, in Definition can be realized as an equivalent
class [7], of smooth curves through p as in Definition [2.1.1] To do this, we choose a local
chart (U;z') at p and find a simplest curve, i.e. a straight line, as a representative of [v],.

In fact, if the action of X, on the i-th coordinate function is
X,(z") = a' € R,
Then we can define a line v by

z'ony(t) = a't +2'(p),1 <i < n.

Finally, to show the equivalence of the two definitions of tangent vectors, we only need

to show that the above two mappings are inverse of each other, which is left to the readers.

2.1.3 Tangent space

Given a local chart (U, ¢) with ¢(p) = 0, there is a natural set of tangent vectors in
T,M given by the coordinate axes at p. More specifically, for each 1 < i < n, let 7* be the
smooth curve through p such that ¢(v*) is just the i-th axis. That is, we require
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where
0, 7 # J;
1,i=j.

51']' —

is the Kronecker symbol. Then we define the tangent vectors

oxt

o
By definition, for a smooth function f € C*°(M), we have

0
oxt

(for)

t=0

d
T w

_ii
_j:I oxi
0
Ot

(Fos™) 5| (@ o)

T=x0

(f o &™) (o).

One checks that {52
natural frame. Actually, for any tangent vector X € T,M and a' = X (z') € R',1 <4 < n,

» forms a basis of the tangent space T,M, which is called the

we have

0 0
X =gl — n_~_
aax1p+ ta ox™

Here we adopt Finstein’s convention of summations. That is, when the index 7 appears twice

i

p_ ax’

p

(usually as subscript on the top and bottom), then we take the summation for i = 1,---n.

0
Ozt

the i-th unit vector along z*-axis. But on a general manifold, there is a major difference here:

Clearly, the definitions works fine on Euclidean spaces: the tangent vector , is just
the tangent spaces T, M and T, M at different points p,q € M are essentially different. To
be more precise, although they are linear spaces of the same dimension, there is no canonical
way of identifying them (like the parallel translation in Euclidean space). Thus a tangent

vector at p can not be viewed as a tangent vector at q # p.

Exercise 2.1.3 Prove that the tangent space T,M is an n-dimensional vector space by show-

ing that the tangent vectors {% p}lgign forms a basis.

Since we often need to transform from a local chart to another, it is very important to

record how the natural frames transforms under change of local charts.
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Suppose (U, ¢; %) and (V,4;y") are two local charts on M such that U NV # (. Then
for p € UNV there are two sets of basis {;2|,}, {%i »t C T,M. Recall that for a smooth
function f € C*(M),

) 0 _

ozt p-f B 8xi<fo¢ D (@o).
Similarly, for yo = ¥(p),

0 0 o a1

| = v )

But on UNV, we have x = x(y) = ¢ o»" (y). Thus

9 -1 _ 9 1 -1
ayi(folb ) (o) = ayi[(foﬁb )o (o™ )(y)
0 . oz’
oxd )

Since the equality holds for any f € C°, we obtain

0 _ow 9
oy ly 0y 0w

p

Exercise 2.1.4 Let {v;}?_, € T,M be a basis of tangent vectors at p. Show that there is a
local chart (U, ¢; x%) around p such that

0

pu— n .:1
ox’ p7Z

UZ ’...’n.

2.1.4 Cotangent space

Yet another method to define the tangent space is to first define its dual space by
equivalent classes of smooth functions, as follows. For f,g € C*°(M), we define equivalent

relation f ~ g if in a local chart (U, ¢),

d(fo ¢_1>|p =d(go ¢_1)’p'
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Note that the equivalent relation is well-defined since it is independent of the choice of local

charts. Now we define the cotangent space at p by
T,M = C=(M)/ ~={[f],f € C*(M)}.

Note that in the above definition, we can replace the space of global functions C*°(M) by
locally defined functions C;°(M). Obviously, the cotangent space inherits a linear structure

from C*°(M), once we define
Mflp + plgly = [Mf + pglp, VA m€RY, f,g € C(M).

In a local chart (U,z%), there is a natural choice of cotangent vectors given by the

equivalent class of coordinate functions
da'|, = [1",, i =1,-- ,n.

We usually denote the equivalent class of f € C*(M) by df|, = [f], € T, M. Since in a

local chart

0 .
Ao o) = 2 (f o0 ) w)da,
it follows that 5
df‘P = Ori (f o (bil)(xo)dxiyp'

There is a natural pairing between the cotangent space T)M and the tangent space

T,M as follows. For any tangent vector [v], = v'>%|, € T,M, we let

@l ble) = Wl F = 2| (Fom) = v 2 (f o 6~ )(ao).

dt lt=0 oxt

Theorem 2.1.5 The cotangent space T;M is the dual space of the tangent space T,M. In
a local chart (U,z'), {da'[,} C Ty M is a dual basis of {32 |,} C T,M.

Exercise 2.1.6 Prove Theorem|[2.1.4.

Exercise 2.1.7 Show that under a change of local charts, the natural basis of the cotangent
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space T M transforms by
i

T .
(3/0>d3/j |p'

Wl =5y

2.1.5 Tangent map

The tangent map is a natural generalization of the full derivatives of functions between

Euclidean space. Recall that for a vector valued multi-variable function F' : R™ — R”, the

DF = (0]‘"0‘

i
Ox ) 1<i<m,1<a<n

is a (Jacobian) matrix, which can also be viewed as a linear map.

derivative

A tangent vector can also act on a smooth map between manifolds, which should be
compared to directional derivative of vector valued functions. Let F': M — N be a smooth
map and v = [y], € T,M be a tangent vector. Note that F' maps a curve ~ passing p in M
to a curve F o~y passing ¢ := F(p) in N. One can verify that F' actually maps the equivalent
class [7], to a equivalent class [F' o], in T, N. In other words, for a smooth function g at ¢,

the action

d
[Forlg-g==| (90F07)

is independent of the choice of representatives in [y],. Thus the map from [v], to [F o 7],,
which is introduced by F', is well-defined. We call this map the tangent map of F' at p, and
denote it by (F)|, or dF'|,. Therefore, we define the derivative of v on F by

v-F =y F=dF|(v) =[Fon], € T,N.

That is, the tangent map dF|, pushes forward a tangent vector v € T, M to a tangent vector
dF|,(v) € T,N. See Figure[2.2]

It is easy to see that the tangent map dF|, of F': M — N is a linear map from 7, M to
T,N. Given two basis of the two tangent spaces, dF’|, can be realized as a m x n matrix. In
fact, for two local charts (U, ¢; x) on M and(V,;y“) on N containing p and ¢ respectively,

we have

0

8mi p

- 0
F=Fo®|,=a)—
[ 'V]q zayaq

- 32-



2.1. TANGENT VECTOR AND TANGENT SPACE 33

Figure 2.2: Tangent map

for some numbers a¢ € R!. Since for g € C*°(N), by the chain rule,

, d .
Foyl, g=— Foy
[Foyle-g=—| (90F0o7)

= D (goFod)(a)
= Dflgov) o (o F o g™ (xo)
0 0

= 5,702V w) - 5o Fog™) ()

If we denote the function y = y(x) = ¢ o F' o ¢~ !(z), then we arrive at

0 0
AFly (a— ) = o

and the matrix is given by

oy~ 0

p. B oz’ (]:O)a_ya q'

We call the rank of the matrix A the rank of F' at p, which is well-defined since it is

invariant under change of coordinate charts.
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2.1.6 Pull-back map

Recall that for any linear map between two vector spaces L : V — W, there is a dual
linear map L* : W* — V* defined by the identity

(Lv,w*) = (v, L*w"), YveV,w* e W

The derivative of a smooth map F': M — N also induces a linear map between cotangent
spaces. More precisely, let p € M and ¢ = F(p) € N, then for any f € C*(N), fo F defines

a smooth function on M. This leads to a linear map
F |, TyN = Ty M, [fly = [f o Flp.

The map F™ is called a pull-back map, since it pulls a cotangent vector in 77N to a cotangent
vector in T*pM.

By a similar computation as the push-forward map, we find that, in local coordinates
(U;2") in M and (V;y*) in N,

(67

* a ay %
Fp(dy®le) = 5 7 (zo)dz’]p.
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2.2 Tangent bundle and Vector fields

In last section, we define the tangent vector and tangent space 7T,M at a fixed point
p € M. Now we want to let p vary and consider a tangent vector field X on M. That is, X

assigns a tangent vector in 7T, M for every point p € M.

2.2.1 Tangent bundle

Consider the disjoint union of all tangent spaces of a manifold
TM — UpEMTpM-

There is a natural topological and differentiable structure on T'M induced by that of M.

First we consider the projection
m:TM — M,n(X,) =p,VX, € T,M.

Obviously, 7~ *(p) = T,M for all p € M. For a coordinate chart (U, ¢;2") on M, there is a

so-called local trivialization
O 7 U) = UxR", X, — (p, X,(z"), -+, X, (z")).

. i
That is, if X, =a'57

» € T,M in the natural local frame, then
q)(Xp) = (p’ a“17 T 7an)'

This is an bijection and thus induces a topology on the tangent bundle 7'M, such that &
is a homeomorphism. In other words, we say V' C T'M is an open set in T'M if the set
O(V N~ (U)) is open in U x R" for all local charts on M.

Exercise 2.2.1 Check that the induce topology on T'M 1is second countable and Hausdorff.

In fact, the tangent bundle is a 2n-dimensional differentiable manifold. To see this, we
only need to construct an atlas. Let {(U,, ¢a)}acsr be an atlas of M, and ®, be the local
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trivialization corresponding to (Uy, ¢, ). Then one checks that an atlas on T'M is given by

{((jcw ®,) = (W_I(Ua)’ (Pa,id) 0 p) facr-

Indeed, for two local charts (U, ¢;x) and (V,4;y) on M. Recall that at any point

pe UNV, we have ‘
g Oy 0

dxi  Ox' Ayl
Thus for (z,v) € ®(UNV) C R* x R”, we have

Bod(o.0) = ( ;’) g (gg%) — (¥(2), 6:(v)),

where y(x) = 1) o ¢~ !(z) and the transition map

oy’
9r = | 75 (2) € GL(n),YxeUNV.
dx 1<i,j<n

Definition 2.2.2 The differentiable manifold TM defined as above is called the tangent
bundle of M.

In a similar way, we can define the cotangent bundle T*M = Upecp/T* M, which is also

a 2n-dimensional differentiable manifold.

Exercise 2.2.3 Construct an atlas on the cotangent bundle T*M.

2.2.2 Tangent fields

One should be familiar with the notion of vector fields, which appears in classical physics.
By definition, a vector field on €2 C R" is just a vector valued function X : 2 — R". For
example the velocity field of fluids, the electric field and the magnetic field in R3. Here we
can regard tangent vector fields on manifolds as a generalization of vector fields on Euclidean
spaces. An example is the velocity field of wind on the earth, which is a vector field on the
2-sphere S2.
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Definition 2.2.4 A tangent vector field is a smooth map X : M — T'M such that
moX(p)=p,Vpe M.

The space of all tangent vector field is denoted by X(M) = T'(TM).

Intuitively, a tangent vector field assigns a tangent vector to each point in a smooth

way. Given a local chart (U, ¢; x"), the coordinate functions give a natural local frame

0
0= oxt

0
p— pETpM,izl,---,n.

ozt
Thus the restriction of a tangent vector field X € X(M) on U can be written as

X|y = Xl% ¥ -X"% = X'0;,

where X* : U — R! are smooth functions.

Via the directional derivative, a tangent vector field X € X(M) acts on a smooth
function f € C*°(M) by

X(f):p—X(p)-feR, Vpe M,
which gives a linear map
X :C®(M) = C®(M), f— X(f).
Obviously, this map satisfies the Leibnitz rule
X(f-9)=X(f)-9g+f-X(g9), VfgeC™(M).

Conversely, a linear map satisfying the Leibnitz rule can be realized as a tangent vector field.

A tangent vector field X € X(M) can also act on a smooth map F': M — N by

F(X)=X(F):p— X|,- F = dF(X,) € TepN.
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We call F, the tangent map of F, or push-forward. In local coordinates (U;z") on M and
(V;y*) on N, we have

F.(X)=dF (Xi 0 ) —XiaF 0

oxi) T Ozt Oy

Similarly, we can define cotangent vector fields in the cotangent bundle T*M. Then F
induces a pull-back map F* on cotangent vector fields.

Form now on, we will simply call a tangent vector field by vector field. Unlike the
Euclidean space, generally there does not exist a ”constant” vector field on a non-trivial
tangent bundle. For example, the famous Poincaré-Hopf theorem says that there is no non-

vanishing tangent vector field on S2.

2.2.3 Vector bundles

The concept of tangent bundles can be greatly generalized to general vector bundles.
Intuitively, a vector bundle is just a family of vector spaces attached to a manifold, which is

glued together in a specific way. More precisely, we define

Definition 2.2.5 A wvector bundle (E, M, ) of rank r consists of a bundle space E, a base
manifold M and a projection w : E — M such that

1. For allp € M, the fiber E, := n~*(p) is isomorphic to R"

2. For all p € M, there exists a neighborhood U C M and a local trivialization, i.e. a
diffeomorphism
O (U) - UxR

where the restriction of ® on E, is linear.

3. The map ® satisfies
To® Y (p,v)=pVpeE MvecR".

Suppose there are two local charts (U, ¢) and (V,4) on M, and two local trivialization
maps

Q.7 U) = UxR"¥:7 (V) =V xR"
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Then they are glued together by
Vod = (m,9): (UNV)xR" = (UNV) xR"

Here 7 is the projection to the first variable, and the transition map g, = g(p,-) : R* — R"
is linear for all p e UN V.

A key point in the definition of vector bundles is the linear structure of the fiber space,
and that the transition maps keep the linear structure. Actually, one can alternatively define

a vector bundle by using the transition maps.

Theorem 2.2.6 Suppose M is a manifold with an open cover {Uy}aer. If for all a,f € 1,
there is a smooth map
Jap - U, N Ug — GL(?“),

such that for all a, B,y € I,
® oo = 1I,;
® 9ap " 9py = Jorr-
then there exists a vector bundle (E, M, ) whose transition maps are exactly {gasta,per-

It follows from the definition that g.s = gﬁ_;, Va,p € 1.

Example 2.2.7 1. The tangent bundle of S* is a trivial bundle TS* = S' x R!.

2. The Mobius band M is a non-trivial bundle on S*, which is constructed as follows.
First identify S* ~ T' = RY/Z'. Then take U = [(0,27)],V = [(—m, )] C S! and let
U=UxR.V =V xR Define the transition map g : UNV — GL(1) by

1, 6e[(0,m)
9(0) =
-1, 0 ¢€[(m,2m)].

Then the Mébius band is glued by M = (UUV)/g. Namely, we identify points (61, v;) €
U and (02,v9) € V if 0y = 0y and vy = g(0y1) - vy.
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Definition 2.2.8 A section of a vector bundle (E, M, ) is a smooth map s : M — E such
that wo s =idy;. The space of all sections is denoted by I'(E).

In other words, for any p € M, a section s takes value s(p) € E,. In alocal trivialization,

s is equivalent to a smooth map u : U — R" such that

®os(p) = (p,u(p)),Vp € U.

From the definition, we can see that locally, a fiber bundle has a product space structure
by the local trivialization map. However, in general, a vector bundle is not a product space
globally. If there is a global trivialization ® : E — M x R", then F is called a trivial bundle.

In fact, we have

Theorem 2.2.9 A vector bundle (E, M, ) of rank r is trivial if and only if there exists r
linear independent sections {X1,---,X,} C T'(E).

Exercise 2.2.10 Try to prove that there is no non-vanishing section on the Mobiis band M
(viewed as a vector bundle over St). That is, for all section s € T'(M), there exists 6 € S?
such that s(0) = 0.
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2.3 Lie derivative

2.3.1 1-parameter group of diffeomorphisms

Think of wind velocity (assuming it is constant in time) on the surface of the earth as
a vector field on the sphere S? . There is another interpretation we can make by tracking
trajectories of particles. A particle at position x € S? moves after time ¢ seconds to a position

oi(z) € S? . After a further s seconds it is at

Pr4s(T) = @5 0 @y(T).

What we get this way is a homomorphism of groups: from the additive group R! to the
group of diffeomorphisms of S? under the operation of composition. The technical definition

is the following:

Definition 2.3.1 A one-parameter group of diffeomorphisms of a manifold M is a smooth
map

©: M xR — M, (z,t) — p(z)
such that
o v, : M — M is a diffeomorphism for every t
e o = idy
® Pstt = Ps O Pt

We will show that vector fields generate one-parameter groups of diffeomorphisms lo-
cally, and vice versa. Thus we can interpret vector fields as ”infinitesimal diffeomorphisms”
rather than as abstract derivations of functions.

First we want to generate a vector field from an one-parameter groups of diffeomor-
phisms ;. For any x € M, the map v,(t) = ¢;(z) : R! — M gives a smooth curve through
x. Then by our first definition of tangent vectors, v, induces a tangent vector [y,| € T, M

such that for any smooth function f € C*(M),

CAR A TR
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So as x varies we have a vector field X € I'(T'M) with X (z) = [y,]. In local coordinates, if
we write y = y(x,t) = (), then

0

X)) ==

of oy
ot ‘t:O

fleu@) = 50 5 (@)

=0
Since y = ¢o(z) = x at t = 0, it follows

0 d

d
= E‘Pt(x)

X(r) = (@' o pula)

t=0 0" t=0

2.3.2 Integral curve

Next we want to reverse the above: go from a vector field X € I'(T'M) to the diffeo-

morphism. We start from tracking the “trajectory” of a single particle along the vector
field.

Definition 2.3.2 An integral curve of a vector field X is a smooth curve v : I — M such
that

dy (%) - Z—Z(t) = X(y(t)),Vt € I.

That is, X coincides with the tangent vector generated by the curve 7. By solving the

above ordinary differential equation in a local chart, we can get a local integral curve for the

vector field. Next we patch local solutions together to get a maximal one.

Theorem 2.3.3 Given a vector field X € I'(TM) and p € M, there exists an integral curve
Vp i I — M through p with maximal defining interval I.

Proof.  First consider a local chart (U, ¢) around p. Suppose that in this chart, we have

X = X%9;. Then the equation of integral curve can be written as

d
Salt) = X (a(t))
Then the basic theorem of ODE asserts that there is a unique solution z(¢) on an interval
[0,T") with initial data x(0) = ¢(p). This gives an integral curve in the chart U.
Now suppose 7, : I — M is any integral curve with 7,(0) = p (not necessarily the same

as the one we just constructed). For each 7 € I, the subset 7,([0,7]) C M is compact, so
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we can cover it by finite number of coordinate charts, in each of which we again apply the
basic theorem of ODE. Uniqueness implies that all possible solutions agree with 7, on any
subinterval containing 0.
Finally we take the integral curve with maximal defining open interval. U
Note that the maximal interval might not be the whole R! if the manifold is not compact
(e.g. a open disk D? C R?). To find the one-parameter group of diffeomorphisms we now let

p € M vary.

Theorem 2.3.4 Let X € I'(T'M) be a vector field and for x € M, let pi(x) = .(t) be the

mazimal integral curve of X through x. Then
1. the map (t,x) — () is smooth
2. 1 0 s = P15 wherever the maps are defined

3. if M 1is compact, then p;(x) is defined on R' X M and gives a one-parameter group of

diffeomorphism.

Proof.

1. The smoothness follows directly from the smooth dependence of the solution of ODEs
on the initial value by the theorem of ODE.

2. First we check that for any x € M, the maps ¢; 0 ps(z) and ¢y both gives an integral
curve through y = p¢(z). Then the conclusion follows from the uniqueness part of the
ODE theorem.

3. Since M is compact, we can find a finite number of open sets {U;}X | such that a
smaller compact set V; C U; still covers M. For each x € V;, the defining interval I, of
the integral curve ¢;(x) = v,(t) depends smoothly on z. Thus we can find a positive
number 7; > 0 such that ¢; is defined on [—T},T;] x Vi. Let T'= min;<;<x{7T;}, then
the map @, is well-defined on [—T,T] x M.

Finally we want to extend ¢, to the whole R!. To do this, for any t € R, choose n € Z
such that |t/n| < T, then we define

@t(x) = <;bt/n ©--+0 @t/n(x) = [@t/n]n@;)
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One checks that this map still satisfies property (2).

2.3.3 Lie bracket

Given two vector fields X, Y € X(M) viewed as linear maps on C*°(M), we can consider
the composition X oY and Y o X. In other words, we consider the double derivatives of a
function along two vector fields. However, the composition of two vector fields are not vector

fields, since

XoY(fg)=X(f(Yg)+ (Y [fg)=(X[)Yg)+ f(XYg)+ (Xg)(Y[)+g(XY[),
YoX(fg)=Y(f(Xg)+ (Xfg)=(Yf)(Xg)+ f(YXg)+ (Yg)(X[)+g(YX)

Namely, they do not satisfy the Leibnitz rule. However, it is easy to see that their difference
X oY —Y o X does. This leads to the following definition:

Definition 2.3.5 The Lie bracket of vector fields is a linear map
[]: X(M) x X(M) — X(M)

given by
(X, Y]=XoY -YoX.

In local coordinates, if X = X?9;,Y = Y'0;, then by definition
(X,Y]f =X'0,(Y70,f) = Y70,(X'0;f) = X'0,Y0; f — Y79, X0, f.

Thus we get
In particular, we have [0;,0;] = 0,V1 <i,j <n.

Exercise 2.3.6 Suppose F' : M — N 1is a diffeomorphism and X,Y € X(M) are tangent
vector fields on M. Prove that

F[X,Y] = [F.X,F.Y].
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One checks that the Lie bracket is bi-linear and satisfies

e skew-symmetry

[X> Y] = _[Y> X]
e the Jacobi identity

[Xv [K Z“ + [Y7 [Z7XH + [Z7 [X7 YH = 0.

A vector space with a Lie bracket operation satisfying the two properties is called a Lie
algebra. An elementary example is the familiar R3 with Lie bracket given by the cross

product. A rich source of Lie algebra comes from the tangent space of Lie groups.

2.3.4 Lie derivative

The composition of two vector fields or double derivatives of a function raises the prob-
lem of derivation of a vector field on a manifold. With the help of 1-parameter group of
diffeomorphisms, we can naturally generalizes the usual concept of derivation of vector fields

(i.e. vector valued functions) in Euclidean spaces to manifolds.

Definition 2.3.7 Let X,Y € X(M) be two vector fields, and ¢, be the 1-parameter group
of diffeomorphisms generated by X. The Lie derivative of Y with regard to X s defined by
d (i)« oY (pe(x)) = Y(2)

LxY = 2| (p-)ioY og =lim t

It turns out that the Lie derivative is exactly the Lie bracket, i.e. the commutator, of

two vector fields.

Theorem 2.3.8 For any vector fields X, Y € X(M), we have
LyY =[X,Y].

Proof. [Proof 1.] In local coordinates, suppose X = a’ 8‘22- and Y = b’ 8‘21-. Let ¢, by the

1-parameter group of diffeomorphisms generated by X and y = ¢;(z). Then by definition
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3t<Pt‘t=o = X and

Exy(l')

Figure 2.3: Lie Derivative

4
dt
di
dt li=o (v) Yy’
obt dy? Dp_, d [(Op_,
- b (y)— .
oyl dt Oy t:0+ <y)dt ( oy’ )
ovt . 0 bi(‘?aj 0

J _
02 ori " 0w O

(sa-t)*(bi(y)y)

t=0 Iyt

O

t=0

Here in the first term, we use the fact that g = id, while we interchange the derivatives of

the second term.

O

Proof.  [Proof 2.] For any x € M, let y = ¢4(x) and

Yi(z) = (p-t)c 0 Y(y) € .M

be a time-dependent tangent vector at x, then by definition

d
‘CXY('T) = % t:OYi(m)j

- 46 -



2.3. LIE DERIVATIVE 47

But for a smooth function f near x,

Yi(x)- f=Y(y) - f =Y (fop_s)|(v)

Differentiating the above equation at ¢t = 0, we get

LY - f=X-(Y-[)+Y (=X f)=[X,Y]f.

Remark 2.3.9 The Lie deriwvative satisfies the following Leibnitz rule
X-(Y-f)=LxY - f+Y - (X-f).
Compare to general affine connection,
VxVy [ =Vx(VLY)=(VxVLY) +(V[,VxY) = Viyf+ Vol
It follows that

V%(,Yf - V%/,Xf =VxVyf—-VyVxf—-Vy.wf+Vy,xf
=XoY - f=YoX -f—(VxY) - f+(VyX)-f
=[X,Y]- f—(VxY = VyX) - f

Thus the connection is torsion free if and only if the Hessian of any function is symmetric.
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2.4 Frobenius theorem

2.4.1 Distributions

The integral curves can be viewed as the integration of vector fields, which can be
compared to the indefinite integral of functions on Euclidean spaces. That is, we integrate
the derivative (tangent vector field) to get a family of anti-derivatives (integral curves), which
is also equivalent to the one-parameter group of diffeomorphisms.

Here we want to generalized the integration to higher dimensions. Namely, we want to

consider the integration of a collection of vector fields.

Definition 2.4.1 o A rank k distribution D of a manifold M is a map D which assigns
a k-dimensional subspace D(p) C T,M at every point p € M.

o [fforallp € M, there exists a neighborhood U and local smooth vector fields X1, - - - , Xk
such that D(q) is spanned by X1(q),- -, Xk(q),Vq € U, then we say D is smooth.

e For a vector field X € I'(T'M), if X(p) € D(p) for allp € M, then we denote X € D.
If for any XY € D, we have [X,Y] € D, then D is called involutive or integrable.

e Let N C M be an imbedded submanifold, if for all p € N, we have
T,N =D(p),

then N 1is called an integral manifold of D.

We will always assume the smoothness of distributions.

Obviously, k linear independent vector fields generates a rank k distribution. Note that
for a smooth rank k£ smooth distribution D, in general we can not find global smooth vector
fields X1, --- , X} which generate D. An easy example is the tangent bundle of S%. Thus a
rank 1 distribution D is not necessarily generated by a vector field X. But when it is, the

integral curves of X are integral manifolds of D.

2.4.2 Frobenius theorem

It is easy to see that if for all p € M, there exists an integral manifold of D through p,

then D is involutive. Conversely, we have the following Frobenius theorem.
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Theorem 2.4.2 (Frobenius Theorem) Suppose D is a rank k smooth distribution on a
manifold M. Then D is involutive if and only if there is a local integral manifold of D at

each point.

It is easy to see that if D is generated by integral manifolds, then it is involutive. To

prove the inverse statement, we first need two lemmas.

Lemma 2.4.3 Suppose D is an involutive distribution of rank k, then for any p € M, there
exists a neighborhood U and k vector fields X1, -, Xy € D which span D and

[Xa, X3] =0,V1 < a,b< k.

Proof.  In a local chart around p, choose Y, = Y/0;,a = 1,--- , k which spans D. Since
Yy, -+, Yy are linear independent, the matrix (Y!)x., has rank k. Without loss of generality,

we may assume its submatrix (V) is invertible with inverse (A2).xr. Now let
Xy =AY, = 0y + ApY .04,

where « is an index from &k + 1 to m. We claim that [X,, X;] = 0,V1 < a,b < k.

A simple computation shows
[ Xo, Xp) = C504, V1 < a,b <k,

for some C¢;. On the other hand, since D is involutive and the linear independent X3, --- , X}, €
D also forms a basis of D, for any 1 < a,b < k, we can find coefficients DS, 1 < ¢ < k such
that

[Xa, Xp] = Dy Xe = Dgy(0c + Az X3 00a)-

Comparing the above two identities, we find D¢, = 0 and the lemma is proved. U

Lemma 2.4.4 Suppose p; and o, are one-parameter groups of diffeomorphisms which are

generated by vector fields X,Y respectively. Then [X,Y] = 0 if and only if

Pt ©0s = 05 O Py
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Proof.  Firstly, if the identity holds, then by taking derivatives on both side with respect
tot=0and s =0, we find [X,Y] =0.

Conversely, suppose [X,Y] = 0, we want to prove the identity, which is equivalent to
_ -1 _
0s = (1) 00,00 = 410050

Note that, for any fixed t, both sides of the above identity are one-parameter groups of
diffeomorphisms (w.r.t. parameter s). Thus to prove the identity, we only need to show

their corresponding vector fields coincide, i.e.

Y = (p_). oY o

Denote Y; = (¢_¢)« oY o ¢;. By assumption, and definition of Lie derivative,

d
XY =LxY=—]| Y, =0.
X, Y] X dtli—o" '

By the group property of ¢;, we have

Yoy = (p-r)so(pt)soYopopr = (pr)oYiopr

Thus we compute for arbitrary 7,

d d
v = _‘ Y,
dtli=r"" " dtl=o ™"
d
= 7 —7 )% Y, T
= (pr)ioLxY o, =0
Therefore, Y; = Yy =Y is constant and the proof is finished. U

Now we are ready to prove the Frobenius Theorem.

Proof. [Proof of Theorem|2.4.2] Suppose D is an involutive distribution of rank &, we need

to show that near each point p € M, there is an integral submanifold of D .
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Let (U, ¢;z") be a local chart around p such that ¢(p) = 0. By Lemma there
exists local vector fields X, -+, X € D such that [X,, X;] = 0 and

{le... 7Xk‘78k‘+17”' ’&n}

forms a local basis of TU. Let ¢* be the one-parameter group of diffeomorphisms generated
by X,,1 < a < k. Then we define a map ® : I* x Q — U by

@(tb Ce 7tk7$k+17. .. ’xm) — (10%1 0:+++0 Sofk(q%
where ¢ = ¢1(0,---, 0,21 ... 2") and Q C R™ % is an open set.

Applying Lemma [2.4.4] we can change the order of ¢®’s arbitrarily in the definition of
®. Consequently, for 1 < a < k, we have

ataq)(p) = X.(p).

It follows

0 0 0 0 0 0
¢*|p (a_tla 78_2%78{[']64_1"” 78[['7”) = (Xla"' 7Xk)W7”' ,al'_m)

and .|, is non-degenerate.
Therefore, by the IFT, there is a small neighborhood V' C U on which ® is a diffeomor-

phism. Namely, (¢, ,tg, 21 .- 2™) defines a local coordinate chart on V. Obviously,

the submanifold

N, = {g € Vt*(q) = 0.k +1 < a < m}

gives a local integral manifold of D. 0

Remark 2.4.5 There is a dual version of Frobenius theorem, cf. Section 3.7 of [2] or
Theorem 3.2, page 198 of [4l]. For a rank k distribution D, we can find | := m —k differential
local 1-forms wy, - -+ ,w; € T(T*U) annihilating D, i.e.

XeD<= w(X)=-=w(X)=0.

Then the requirement of involutive distribution in the Frobenius theorem can be replaced by
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the following equivalent condition:

dw; Nwi Awa A - ANwp=0,V1 <1 <.

2.4.3 Foliation

The above Frobenius theorem only gives local integral submanifold of an involutive
distribution. Next, we can extend the local submanifolds to maximal ones (or glue them
together), just like in the case of integral curves, which yields a global structure known as a

foliation.

Definition 2.4.6 A k-dimensional foliation F on an m-dimensional manifold M is a de-
composition of M into a union of disjoint connected submanifolds {Fu}acr, called the leaves

of the foliation, with the following property:

For every point in M, there is a local chart (U, ¢;x"), such that for each leaf F,,
the components of U N F, is given by

{g € UNF,|2°(q) = ¢’ is constant, k +1 < s < m}.

As a standard model, imagine the decomposition of the Euclidean space R™ into the
cosets © + R¥ of the standardly embedded subspace R¥. Another explicit example is the
foliation of a 2-torus by a family of cross circles. However, the decomposition of a sphere by
level sets of z-axis is not foliation because of the the singularities at the poles. In general,

the global structure of a foliation can be unexpectedly complicated.

Theorem 2.4.7 Suppose D is an involutive distribution of rank k on M, then the set of

mazimal integral submanifolds of D gives a k-dimensional foliation of M.

Exercise 2.4.8 Suppose G is a Lie group, and H is a Lie subgroup. Show that G is foliated
by cosets of H.
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3.1 Tensor algebra

3.1.1 Multi-linear functions

Let Vi, ---, V. be r vector spaces, a multi-linear function is amap ® : V; x---xV, — R!

satisfying
q)(vl7'“ ,Oé’Ui—‘—/B’UZ{,"' 7U’I“) :OZ(I)(Ul,"' y Uiy« o 7U1”)+6q)(vla"' 7U;a"' 7UT)

foralli =1,2,--- ,r,v;,v} € V; and o, 8 € R'. We denote the space of multi-linear functions
on Vi x -+ x V. by Z(Vy,---,V;RY).

For example, a linear functions of V' is just an element in the dual space V*. A bi-linear
function B € Z(V,W;R!) is a linear map on V' x W which satisfies

B(Oévl + 6U27w) = OCB(ULU)> + /BB(U27QU)7
B(v, cw; + fwy) = aB(v,w;) + BB(v, ws).

3.1.2 Tensor product

Now we define an operation on multi-linear functions which acts like products. We
start with linear functions. Let £ € V*,n € W* be two linear functions, we define the tensor

product £ @ 1 to be a bi-linear function given by
ERn(v,w) =Ew)n(w), Yo e V,w e W.

It is easy to verify that £ @ n € Z(V,W;R'). Then we can go on to define multi-linear
functions by using tensor product on multiple linear functions. For example, for & € V.*, 7 =
1,---,r,wehave § @ -+ ® & € L(Vi, -+, Vi RY).

It is easy to see that the tensor product, as an operation, is bi-linear on its components
and is associative. However, the tensor product is not commutative.

Recall that for a finite dimensional vector space, we have V = (V*)*, which means we
can regard V as the space of linear functions of V*. Thus the tensor product can be as well

defined for any vector space.
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3.1.3 Tensor spaces

All possible tensor products of elements in V* and W* naturally span a tensor product
space, denoted by
V*@W* :=span{ ®@n| € V', ne W'}

If {¢}7, is a basis of V* and {n,}"_; is a basis of W*, then an induced basis of V* @ W*
is {& ® Nati<i<mi<a<n. Hence the dimension of V* @ W* is mn. Note that a typical
element in V* ® W* is not always decomposable, that is, it is not in a tensor product form
¢ ®n. For example, for a two dimensional space V* with basis &1, &, the bi-linear function
B =& ®& + & ® & is not decomposable.

Now for a vector space V' and non-negative integers r, s, we define the (s, r)-tensor space
of V' to be

V=V VeV @ V.

- -~
S s

If {e;}™, is a basis of V' and {e}}™, is its dual basis of V*, then a basis of 77V is given by

67;1®---®6i5®6;1®"'®ejr71S?:l,"' 7i87j17”' 7j7“<m‘

Thus it is a linear space of dimension n’** and an element L € T7V can be expressed by

L_ail.“iseil®“‘®eis®e;1®...®ef'

= g Jr
By convention, we set TV = R!. The total tensor space of V is

TV =p>_T'V.

r,s=0~"s

It is easy to see that the tensor product space V* ® W* is exactly the space of bi-linear
functions .Z(V,W;R'). Similarly, using the tensor product, one can identify the space of
linear maps L£(V; W) with the tensor space V* @ W. Namely, if for a basis {¢;}"; C V and
{fa}'_; C W, alinear map L € L(V; V) satisfies

L(§i>:aiafa7 izl?"'amv

then L can be identified with afe; ® f, € V* @ W, where e] is the dual basis of e;.
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Example 3.1.1 For two manifolds M, N and a smooth map F : M — N, the tangent map
of F' at x € M 1is a linear map

dF () = (F.)|s : TeM — Tp( N.

0 oF“ 0
e (55 ) = s @

_ OF*
Qg

In local coordinates, since

it can be written as

dF (x)

, 0
(l‘)dﬂfl X a—ya c T;M X TF(az)N

3.1.4 Tensor operations

A tensor ® € T"V := TV is called symmetric it V1 <4,j <,
vy, ViU 0) = D01, v vy,
and is called anti-symmetric (or alternating) if for all , j,
Doy, Vg Ve 0y) = —D(vg, e Vg V0.

We denote the space of symmetric and anti-symmetric multi-linear functions by S™(V') and
A"(V), respectively.

Let P, be the space of permutations of » numbers. Recall that a permutation o € P, is
a product of transpositions that only interchange two numbers. The sign of a permutation
sgno = (—1)*, where k is the number of transpositions, is well-defined. A permutation

o € P. can act on ® € T"V by letting
(0®@)(v1, - ,vr) = P(Vsqa), 5 Vo(r))-

The symmetrizing mapping is the projection .# : T"V — S™(V') given by

S (®) = % 3 oo,

o€EP,
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Similarly, the anti-symmetrizing mapping is a projection o7 : T"V — A"(V') given by

o (D) = % ngna-a@.

" oEeP,

It is easy to see that both mappings are linear. Note that the constant is needed to ensure
that . and & are indeed projections, i.e. .? =.¥ and &/? = &/
There is another very useful operation for tensors, namely, the contraction mapping. It
is defined as a linear map C,, : T'V — T~V for r, s > 1 by letting
Coplalhe, @ ®e, @@ @6
= (07,6, )0 e, @ ®E, D Re, RIND QPR @

J--gr

Example 3.1.2 A linear map from a vector space V' to itself can be viewed as a tensor
® € T!'V. Fizing a basis {e;}"_, of V and its dual basis {6'}, of V*, we can write

® =ale; ¢ € T)V.

Or equivalently, we represent ® € L(V;V) by a matriz A := (a;) Then the symmetrizing
mapping takes A to S (A) = %(A + A", while the anti-symmetrizing mapping maps A to
o (A) = 3(A— A"). Note that A = (A) + </ (A). Moreover, the contraction map gives the

trace tr A = C11(A) = al.

3.1.5 Exterior product

The anti-symmetric multi-linear functions is particularly important in differential ge-
ometry. There is natural product operation in the category of anti-symmetric multi-linear
functions.

Suppose ® € A"(V) and ¥ € A%(V), the exterior product or wedge product is a map
AN AT(V) x A%(V) — A™(V)

defined by
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The exterior product is obviously bi-linear on its components. It is also associative in view
of the following lemma. The constant in the definition of wedge product is chosen such that

the identity in the lemma is valid.
Lemma 3.1.3 For &, € A"(V),i=1,---,p,

(ri+---+7p)!
(SLRERESN

QN NP, = (D ®--®D,).

In particular, for & € AAV)=V*,i=1,---,p, we have

SN NG=pld(§®---®E).

The most useful property is that it is skew-symmetric in the following sense.
Lemma 3.1.4 dAV = (—1)""U A .
Proof. By linearity, it suffices to show the equality for ® = 4 A .- A& and U =
nt A -~ A, Using the fact that E An = —n A€ for £,n € V*, we have
PAT =" A ANETAPEN A
— _gil /\/\’I’]Jl /\flr/\/\n]s
(_1)V,r]j1 /\521 /\/\é‘zr /\7]j2/\"'/\77js

(1)) A A NET A NET
(1) A .

O
By a same process as in the definition of tensor product space, we define the exterior

product space

NV =V N AV =span{¢' A---AET[E e V1 <i <7}
N—

r

It is easy to see that A"(V) = A"V*. Suppose {§}1", is a basis of V*, then one checks that
a basis of A"(V) is
SUN- NS, 1<i < <i, <n.
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Hence the dimension of A"(V') is C7. In particular, A"(V') has dimension 1 and is simply

the linear space generated by ' A --- A 0™,

Remark 3.1.5 Similarly, one can also define a product on symmetric multi-linear functions
<2 ST(V) x S5(V) — S™5(V) by letting

(r+ s)!

U=
rls!

L (P W).

For example, given two vectors w',w? € AY(V) = V*, we have

wl/\w2:w1®w2—w2®w1,

w1~w2:w1®w2+w2®w1.

Here are more useful properties for exterior products.

Proposition 3.1.6 1) vy,--- ,v. € V* is linearly dependent if and only if

v A Av, =0

2) If A= (al) is ar xr matriv and w; = alv;,1 <i <7, then

WA ANw, =detA-vy A+ A0,
3) Let F:V — W be a linear map, then for ® € A"(V) and ¥ € A5(V),
F*(®OAV)=F"dAF*U.
Here the pull-back map F™* is defined by
F*®(vy, -+ ,0) == ®(Fvy, -+, Fv.), Yu, -, 0. €V.

Remark 3.1.7 Item 2 of the above proposition is related to the formula of change of vari-
ables in multi-integrals. That s, the determinant automatically appear in wedge products,
which 1s the key in defining integration on manifolds in a way that is independent on choice

of coordinates.
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3.1.6 Tensor fields and forms

For a manifold M, consider the tangent space T, M at a point p € M. Define the tensor

space
LM =TILM) =T,M® - 8 LMo M@ T;M

J/

Vv ~~
s T

Then the (s, r)-tensor bundle is the total space
TEDM = Upenr T M,

which is itself a manifold in a natural way. Indeed, it is a vector bundle of rank n"** on M

and in local coordinates, has a natural basis

0 0 , ,
_ Q- — Qde" @ Q@ datr.
D Q- ® Dpis ®ar” @ - Qdr

In particular, T M is the tangent bundle and TV M is the cotangent bundle of M.
A section of T M is called a (s,7)-type tensor field, or simply (s,)-tensor, on M.

As usual, we always assume the section, hence the tensor field is smooth.

Exercise 3.1.8 Deduce the transformation formula of coefficients of a (r,s)-tensor under

the change of local coordinates.

In a similar manner, we consider the space of anti-symmetric multi-linear functions

A"(T,M) and construct the r-th exterior bundle on M given by
/\TT*M - UPEM /\T T;M - UpeMAr(TpM).

A section of A"T*M is called a r-form, and the space of all r-forms is denoted by A" (M). By
convention, 0-forms are just smooth functions A°(M) = C*>°(M) and 1-forms are cotangent
vector fields A'(M) = T'(T*M). The total space of all forms is denoted by

A(M) = @™ ,A"(M).

As the point in the underlying manifold varies, a (s, r)-tensor 7 € I'(T*™) M) defines a
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linear map

72 AY(M) X x AY(M) < (M) x - X(M) — C%(M).

In fact, the map is C*®-linear, i.e. for w!, - w* € A} (M), Xy,---, X, € X(M), and any
feC®M)and1<i<s,1<j<r, wehave

T(w1>"' 7fwi7"' 7WS>X17"' 7Xr)

T(wlﬂ"' 7w57X17"' 7fXj aXr‘)
f-T(wl,--- W X, X,

Similarly, a r-form w € A"(M) defines an anti-symmetric C*°-linear map

w:X(M)x - x X(M) — C®(M).

J/

-~
r

Exercise 3.1.9 Show that any C*(M)-linear map

T AYM) x - x AY(M) x (M) x - X(M) — C%(M)

can be identified with a (s,r)-tensor field.

Remark 3.1.10 More generally, we can define the tensor product bundle E ® F on M of
two vector bundles E and F on M. If E and F has rank r,s with fiber space V. and W
respectively, then E ® F has rank rs with fiber space V@ W. More precisely, if {v;}\_; is
a local frame of E and {wy}2_, is a local frame of F, then {v; ® wys} is a local frame of
E ® F. For two overlapped open sets U,V C M, suppose the transition maps of E and F
are g : UNV — GL(r) and gp : UNV — GL(s) respectively. Then the corresponding
transition map of E ® F is simply

g:UNV = GL(r+s), g(x)=ge(x)® gr(x).

such that
g(vi ® wa) = gE(UZ) & gF(wa)'

In particular, the tensor product and wedge product operation also applies to a vector bundle
E and its dual bundle E*.
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3.2 Exterior derivative

3.2.1 Exterior derivatives

The exterior derivative extends the differential of a function to a globally defined oper-
ator on forms on manifolds.

First we define the exterior derivative locally. Suppose U C R™ is an open set with
coordinates x%,i = 1,--- ,n. Consider the space of p-forms AP(U), which is spanned by the
basis

del ==dz" A Ada?, 1 <ip < --- <i, <.

Then a local p-form on U has the form
w = arde! = ail...ip(x)da:il A Adat.
Then the local exterior derivative on U is defined by
dy : AP(U) — APTH(U),  dyw = day A da’,

where day is the usual differential of function a;. In particular, for a smooth function
feC>U)=A(U), dyf = df is the full differential of f.
Proposition 3.2.1 The local exterior derivative dy : A(U) — A(U) satisfies

1) dy is linear

2) d%]:dUOdUZO.

3) dlwAn) =dwAn+ (—1)Pw Adn if w e AP(U).

Proof.  The linearality is obvious. The second property follows from the fact that df, f = 0
for any smooth function f on U. For the third property, it suffices to check for simples forms

where w = fdz! and n = gdz”’. In this simple case, we have

dw An) = d(fgdx' Adx?) = d(fg) Adx’ Ada’
= df Ndx' A gde” 4+ (—=1)P fda" A dg A da”
=dw An+ (—1)’w A dn.
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O

Now for a differentiable manifold M, we have a local exterior derivative on every local
chart as above. If the definition agrees on overlapped areas of different charts, then we can
patch them together to give a globally defined operator, which is independent of the choice
of coordinates. Suppose the restriction of a p-form w € AP(M) on two overlapped charts

(U;z) and (V;y) are given by

wly = ar(z)dz’,  wly = bs(y)dy’.

By definition, we have
dywly = dyar ANdz',  dyw|y = dyby A dy’.

We need to show that the above two forms coincide on the overlapped area U NV

To see this, consider y = y(x) and b;(y) = b;(y(x)) as functions of z on U N'V. Then
by Proposition|3.2.1, we have

dy (arda") = dy(bydy”)
= dbe AN d’yJ + deU @) dU’yJ
=d,by N dy’ = dy(bsdy”).

Here the equality d,b; = dyb; is due to the invariance of 1st-order differential of a function.
Therefore, we get a globally defined exterior derivative d : A(M) — A(M) on the
manifold M. Namely, for a p-form w € AP(M), we require

(dw)|U = dUwU.

Alternatively, we can find a partition of unity {¢x} subordinating to an atlas {Uy} and write
w =Y ¢pw. Then d is given by

dw = Z du, (prw).

Obviously, the global operator d also satisfies Proposition [3.2.1. Moreover, for a smooth
function f € A°(M), df € A'(M) is exactly the tangent map of f. Namely, for any tangent
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vector field X € X(M), we have
df(X) = X - .

In fact, the above identity and those properties in Proposition uniquely determines the

exterior derivative d on a given manifold (exercise).

Proposition 3.2.2 Suppose F : M — N is a smooth map and w € AP(N), then
F*(dw) = d(F*w).
Proof.  We first show the proposition holds for smooth functions f € A°(N), i.e.

F*(df) = d(F*f) = d(f o F).

This follows from the identity that for VX € X(M),
(F™(df), X) = (df, Fu(X)) = F(X) - f = X - (f o F),

The general case follows by applying the above identity in local charts. Again note that
since F* and d are both linear operators, it suffices to prove the proposition for simple forms.

The details are left to the readers. [l

Example 3.2.3 The exterior operator d can be regarded as a generalization of differential

operators (grad, curl and div) in R3.

3.2.2 Invariant formula

Theorem 3.2.4 Suppose w € AP(M) is a p-form and Vy,--- , V11 € X(M) are vector fields,
then

p+1

dw(Vi, - Vys1) :Z<_ )iflv( (Vi,-- ’1};,... ,VLH))

i Z D (Vi Vi, Vi, -, Vi oo

1<i<j<p+1

o

' 7‘/;3+1>'
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Proof.  First note that the left hand side is C*°-linear (i.e. tensorial) on V;. One can verify
that the right hand side is also C'*°-linear on V;. Thus we only need to prove the theorem
for a set of basis V; = 0,, 1 =1,--- ,p+ 1.

In a local chart, we assume w = a;dz!, then dw = da; Adz!. Then for V; = Ok,, we have

dw(‘/la e "/117+1) = daf A dx[(akw T 7akp+1)
P+l

- Z(—l)i_lakialdxl(ﬁkl, Ok )
=1

Since [0;,0;] = 0, the theorem follows. O

In particular, for a 1-form w € A*(M), we have

dw(X,Y) = X(w(Y)) = Y (w(X)) = w([X,Y]).

3.2.3 Lie derivative of forms

First recall the definition of Lie derivative of vector fields. Suppose ¢, is the 1-parameter
group of diffeomorphisms generated by a vector field X € X(M). By using the pull-back
¢; and the push-forward (¢_1)*, the Lie derivative with regard to X can be defined on any

tensor field. In particular, we can define the Lie derivative of a p-form w € AP(M) by

Lxw := % tzo(ﬁf;w e AP(M).
From the property 67(n Aw) = (1) A (¢jw), we get
Lx(nAw)=(Lxn) Aw+nA(Lxw).
Similarly, from ¢;(dw) = d(¢;w), we have
Lx(dw) = d(Lxw).

There is an interior product opertator ¢ : 2 (M) x AP(M) — AP~} (M) defined by

exw(X o XPTY = w(X, X - XPTY),
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Obviously, ¢ is C*-linear both in X and w. In particular, if w € A'(W) is a 1-form ,then

txw = w(X). Moreover, for w € AP(M), we have

ix(w A ) = (exw) A+ (=17 A (ixn).

Theorem 3.2.5 (Cartan’s identity) The Lie derivative of a p-form satisfies

Lxw = d(txw) + tx(dw).

Proof.  We first demonstrate an easy prove for 1-forms. Suppose w is a 1-form, then for
X,Y € (M), we have the Leibnitz rule

(Lxw)(Y) =Lx(w(Y)) —w(LxY).
By Theorem [3.2.4] we have
dw(X,Y) = X(w(Y)) = Y (w(X)) = w([X, Y]).

Therefore,
(Lxw)(Y) =Y (w(X))+ dw(X,Y).

For the general case, define
T(X,w)=Lxw —d(txw) — tx(dw).

We will show T'(X,w) = 0 for all X and w. First note that T is tensorial in w (actually it is

tensorial on both arguments). Indeed, for any f € C*°(M), we compute

EX(f(JJ) = fﬁxw—Fﬁxf-w,
dtx(fw)) = d(fixw) =df Nixw+ fd(txw),
txd(fw) = 1x(df Nw+ fdw) =df(X) -w—df N ixw+ frx(dw).

Since Lx f = df (X), it follows T(X, fw) = fT(z,w). Thus we only need to prove T'(X,w) =
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0 for a basis w = dz* A --- A daP. Suppose X = X'0;, then we have dw = 0 and
T(X,w) = Lx(dz" A+ ANdaP) — d(ex(dxt A -+ A daP))

= idml /\"-/\ﬁxdl'i/\"-/\dl'p—id«—l)i1d£C1 A--uxdat - A daP)
i i=1

= (=) Y(Lxda’ — d(exdx’)) Adz" A+ Adxi A -+ A da?.

Finally, note that Lxdz® = d(Lxx') = d(X(2%)) = dX* and 1xdz’ = da'(X) = X' and the
proof is finished. [l

3.2.4 de Rham cohomology

The property d* = 0 induces a natural cohomology on a differentiable manifold, which
is called the de Rham cohomology.

Write the exterior derivative on APM as d, : APM — APY M| then d,od, ; = 0 implies
Imd,_; C Kerd,. Therefore we can defined the p-th de Rham cohomology group as the
quotient space

HY(M) = Kerd,/Imd,_;.

We call elements in Kerd closed forms and those in Imd ezact forms. Thus an equivalent

class [w] € HY(M) of a closed form w € Kerd, is given by
[w] = {w +dnln € AP~H(M)}.

By convention, we define H)(M) = Kerd, to be the space of constant functions, which is

just R! for connected manifolds.

Example 3.2.6 The de Rham cohomology of the sphere S™.
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3.3 Integration of forms

3.3.1 Orientation

First let’s recall the definition of orientation in basic analysis, which is defined extrin-
sically. For any point in a embedded surface Y in the Euclidean space R3, there are two
opposite choices of unit normal vectors. An orientation then is a continuous way of assigning
a normal vector at each point 7 : ¥ — R3. A surface which supports such a map 7 is called
orientable and has two opposite orientations =1i.

On the other hand, assigning an normal vector 77 at a point is equivalent to assigning
an ordered basis {€7, €3} of the tangent space, such that {€}, €, 7} forms an oriented basis
of R3. For example, if the tangent plane is the z — y plane, then choosing 9z as the normal
direction is equivalent, by the right hand principle, to choosing {0z, dy} as the ordered basis.
Then (locally) an orientation is just a continuous choice of the ordered basis.

This motivates an intrinsic method of defining an orientation on a n-dimensional man-
ifold M. The ordered basis {e1, - ,e,} C T,M at a point p € M is represented by the
wedge product

e Ao Aet e AT, M)\{0}

Recall that the top exterior space A™(T,M) has dimension one. Thus if we regard different
sets of ordered basis, i.e. different elements in A™(7,M)\{0} as the same when they differ
by a positive number, then we get exactly two different choices. Thus an orientation of the
manifold is (the equivalent class of) a continuous section w : M — A™(M), which dose not

vanish anywhere.

Definition 3.3.1 o A smooth manifold is called orientable if there exists a non-vanishing
n-form w € A"(M).

e An orientation of M is a the equivalent class of non-vanishing n-forms, where w ~ W'

if w= fu' for a positive function f > 0.

Obviously, there are two orientations for every connected orientable manifold, and a
manifold is orientable if and only if A™(T"M) is a trivial bundle.
There is an equivalent definition by using local charts. Suppose we have an orientation

represented by a non-vanishing w € A"(M), then in each local chart (U, z), we may arrange
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the indices of coordinates, such that
wlp = fdz* A -+ Ada™,

where f is a positive smooth function on U. We call such a chart compatible with the

orientation w. Then if two compatible charts overlap, we have
wlony = fda' A--- Ada™ = gdy' A Ady",

where f, g are both positive. Recall that under the change of coordinates, if we denote the
Jacobi matrix A = (9z'/0y’),

det A - Adx™ = det Ady* A -+ A dy™.

Therefore, det A = ¢/ f is positive. Conversely, if we have an atlas where all the Jacobian
matrices of transformation maps have positive determinant, then we can easily construct a
non-vanishing n-form by partition of unity, which gives a compatible orientation. We will
call such an atlas an oriented atlas and the corresponding n-form the induced orientation.

This leads to the following.

Definition 3.3.2 An orientation is a choice of oriented atlas such that the Jacobian deter-

minant of all transition maps are positive.

Example 3.3.3 Orientable manifolds:

1) The orientation of the Euclidean space R™ is given by the standard form

Q" =dz' A AN dx™.

2) (Hyper-surfaces as level sets) Suppose f is a smooth function on R™™! and ¢ € R is
a reqular value of f. Then the level set M := {x € R""!|f(x) = ¢} is an orientable

manifold. Typical examples are the n-sphere S™.

Since ¢ is a reqular value, N = V [ gives a non-vanishing normal vector field on M.

Thus we can construct a non-vanishing n-form w = (xQ"* on M, where Q" is the
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standard form on R™"Y. More explicitly, we have V f = 0;f0;, thus
INQ = (=1 O fdat A Ndat A A da

Note that the n-form is originally defined in R™ but can be pulled-back/restricted to
M wia the embedding M — R, which is still non-vanishing.

Alternatively, we can chose a n-form W' by requiring
df Nw' = Q.
More precisely, if in a neighborhood U C M, 0;f # 0 for some j, then
(@1, Tyt Tty Tyt
forms a local coordinate system on U. Then we define w' on U by

W= (=1 dat A Adad A A da™ T
0;f

Then one checks that W' coincides on different coordinate charts and gives a globally

defined non-vanishing n-form. Actually, w = |V f|*w’.

Exercise 3.3.4 By generalizing the above construction, show that a higher co-dimensional

submanifold given by the level set of a rank k vector-valued function F : R"F — RF s

ortentable.

Example 3.3.5 Non-orientable manifolds:

1) (Mébius band) Recall that the Mdébius band is constructed from the 2 dimensional strip

S ={(r,y) e R?| -1 <z < 1,-1 <y < 1} by identifying the points (x,y) and
(x—1,—y) foral0<z<1l,—-1<y<l.

There is a projection w : S — M where M is the Mébius band. Assume that M is
ortentable and supports a non-vanishing two-form w, then w™w gives a non-vanishing
two form on S. Since there is a canonical two-form wy = dx N dy on S, there exists
a non-zero smooth function f such that m*w = fwy. However, this is impossible since

we must have f(x,y) = —f(x —1,—y).
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2) (The real projective space RP™) Let o : R™™ — R"™™ be the reflection o(x) = —ux,
then the restriction of o on S™ gives the antipodal map. There is a natural projection
m 8" — RP" defined by n(x) = [z] where [z] is the line through x. Obuviously,

moo =7 and 0? =id. Actually, S™ is a double cover of RP™.

The standard orientation of S™ is given by w = Q"L where N is the outer unit

normal of the sphere S™. Under the antipodal map o, we have for any x € S™,

() = lou (N0 (VT () = tn@ (1) (2) = (—1)"w(x).

Now if n is even, assume there is a non-vanishing n-form n on RP™. Since 7 is a local
diffeomorphism, the pull-back 7*n gives a non-vanishing n-form on S™. Thus 7*n = fw

for some non-zero function f on S™. But
fo=7"n=(roo)n=c"or'n=0c"(fw)=0"f -cw=foo-(—-1)""w.

It follows f = (—1)"*! foa, thus f must change sign when n is even, which contradicts
to the fact that f is positive.

On the other hand, if n is odd, then c*w = w. Hence by projecting the standard n-
form on S™, the local diffeomorphism © induces a well-defined non-vanishing n-form
on RP™. More precisely, for any [z] € RP", let my and 7y be the two diffeomorphisms
defined by restricting ™ on a neighborhood of x and —x, respectively. Then we need to

check (7' )*w(x) and (75 ") w(—x) coincide. But
(my ) woo(x) = (my") 0 o’w(w) = (g omy ') w(z) = (m ') w(@).
The last equality holds since T = Ty 00 and o oyt = 7',

Therefore RP"™ is orientable iff n is odd.

Exercise 3.3.6 Show that the Klein bottle is non-orientable.
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3.3.2 Integration

Now we can define the integration of m-forms on an orientable manifold. The idea
originates from the classical change of variables formula of integrations. Namely, under a

change of variables x — y in an open set U € R", we have

0

[, s = [ |G o

Notice that we take the absolute value of the Jacobi determinant.

We first define the integration of a local n-form on a local chart (U, ¢; x). Suppose w is

a locally supported n-form in U given by
w= fdz" N Nda™,

where suppf CC U. Then we define the integral of w by

/w:/ fdat-- - da™.
U o(U)

Next on the orientable manifold M with an oriented atlas /. Given a globally defined
n-form w € A"(M), we first decompose it into local ones by a partition of unity {}
subordinating to the oriented atlas &/ = {(Uy, ¢ )}, such that

wzzwkw:kadx,lg/\---/\d:cZ,
k k

and supp fr CC Ug. Then the integral of w on M is given by

/M g /Uk ; b (Uk)

This integration is well-defined since the Jacobian determinants of compatible charts are
positive and consistent to the change of variable formula. Note that the integral differs by a
sign if we choose the opposite orientation.

More globally, if we fix a non-vanishing n-form {2 on an oriented manifold M as a

background (volume) form. Then any n-form w € A™(M) can be represented by w = f€ for
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73

some f € C°(M), and the integral of w is

oL
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3.4 Stokes’ theorem

3.4.1 Manifold with boundary

Let H" := {z € R"|z,, > 0} C R"™ be the n-dimensional upper half-plane, which is
equipped with the subset topology induced from R"™. The boundary of H™ is the (n — 1)-

dimensional plane
OH" = {x € R"[2" = 0}.

For open sets U,V C H", we say a map f : U — V is smooth if it is the restriction of
a smooth map from an open set in R™ to R”. Similarly, f is a diffeomorphism if it is the

restriction of a diffeomorphism between two open sets in R™.

Definition 3.4.1 A manifold with boundary is a manifold where each local chart is home-
omorphic to an open set in the half space H™. A point p € M 1is called an interior point if
there is a local chart such that ¢(p) ¢ OH™. Otherwise, we call it a boundary point. The
boundary of M is the set of all boundary points and denoted by OM .

It is easy to see that the definition of boundary points is independent of choice of local
charts. A point p € M is a boundary point iff in any local chart it corresponds to a boundary
point of the upper half-plane ¢(p) € 9H™. So locally, the boundary points are exactly the
set o~ H(U NOH").

The restriction of an atlas of M gives an atlas on M. Thus OM is a (n — 1) dimen-
sional embedded manifold of M. Note that a manifold could have (even infinitely) many
disconnected boundary components.

Typical examples include the half-plane, unit ball, semi-sphere and cylinders. In par-

ticular, a manifold with an open set removed yields a manifold with boundary.

3.4.2 Induced orientation on boundary manifold

Theorem 3.4.2 If M is an orientable manifold with boundary, then its boundary OM 1is
ortentable. In particular, the restriction of an oriented atlas on M gives an oriented atlas
on OM.

Proof.  Suppose (U, z), (V,y) are two charts near boundary on M such that the Jacobian
matrix dy/0x has positive determinant. By definition, for any boundary point p € U NV,
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we have z"(p) = y"(p) = 0 and in the interior (U NV) \ OM, we have 2" > 0,y" > 0. So
the transition map y = y(x) has the property that y*(z!',--- ,2"71,0) = 0 and y"(x) > 0 if

™ > 0. Therefore
% B B oy 0 oy"
8x1 p n N 8x”—1 p - ox™ P

Let U/ = UNOM, V' =V NOM and 2/ = (zt,--- , 2" 1),y = (v*,--+ ,4"!) be the

restriction of (U, z), (V,y) on OM. Then we have

dy oy’ oy"
det =% = det == - det == .
e@a: 68$’ e@az">0

It follows that det g—g: > 0 and (U',2),(V',y') are compatible charts on M.

Therefore, if there is an oriented atlas on M, then its restriction gives an oriented atlas
on OM. This finishes the proof. O

Next, we specify the induced orientation on the boundary manifold, which is the “outer
normal” orientation defined as follows.

First observe that there exist a non-vanishing outer normal vector field N on OM. In
each local chart (U, x) at the boundary, a local outer normal vector field is given by _8%”'
Then N is constructed by gluing them together via partition of unity. One verifies that N
is indeed non-vanishing on dM.

Now for an orientation on M represented by a non-vanishing n-form 2 € A"(M), the

induced orientation ' of OM is defined by

Q, = (LNQ> |8M~

Note that in a local chart (U, z) which is compatible with 2, the induced orientation ' is

i (dz' N---Ada") = (=1)"dz" Ao Ada" T

oz
That is, the restricted chart (OU, (x!,--- 2" ')) on M differs from the induced orientation
' by (—-1)™.

Remark 3.4.3 Obviously there is an (opposite) induced orientation on the boundary, which
corresponds to the inner normal vector field. We choose the outer normal orientation to

make the following Stokes’ theorem more elegant.
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Remark 3.4.4 We are not saying that the boundary of a non-orientable manifold is not

orientable. For example, the boundary of a Mébius band is S, which is of course orientable.

3.4.3 Stokes’ formula

Since ¢ : OM — M is a submanifold, if w € AP(M) is a form on M, its restriction

wlon = t*w gives a form on OM.

Theorem 3.4.5 Suppose M is an n-dimensional oriented manifold with boundary OM ,

which is endowed with the induced orientation. Then for any (n — 1)-form w € A"~ Y(M),

/ dw = / wlans-

M oM

Proof.  Choose a partition of unity subordinating to an oriented atlas on M. By definition
Jaw=3 [vao= [ a(Sve) =3 [ dw),

Locally on each chart (U, ¢), we have
Yw=Y fidag' A Adri A Ada",

and
n

d(Yw) = (=1)7'0;fidx’ A -+ A da".

i=1

Since f; has compact support on U, if U does not intersect with the boundary, we have

_ - 119 fdat - - dax™ = 0.
/Ud(w) ;/( 1719, fydxt - - - da™ = 0

Otherwise,
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On the other hand, at the boundary of U, we have

(Yw)|ov = Y'wlon = fn|ggn:odac1 A-es ANdx™t
= (=1)"fa(x', -+ 2" 0) - (=1)"dat Ao Ada™

Since the induced orientation on M is (—1)"dz' A --- A da™ !, we get

Wlom = V'wlon = / D" fo(at, - 2™ 0)dat - da T
[t =3 [ el =% [ 17 >

This completes the proof. O
As an easy corollary, if the manifold M is closed, i.e. M =0, then [ a dw = 0.

Exercise 3.4.6 Show that the above Stokes’ theorem is a generalization of the classical Green

formula, Gauss formula and Stokes formula in multi-variable calculus.
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3.5 de Rham cohomology

3.5.1 Definition

The property d*> = 0 induces a natural cohomology on a differentiable manifold, which
is called the de Rham cohomology.

Write the restriction of the exterior derivative on AP(M) as d, : AP(M) — APTH(M),
then d, o d,_y = 0 implies Imd,_; C Kerd,. Therefore we can defined the p-th de Rham

cohomology group as the quotient space
HY(M) = Kerd,/Imd,_;.

We call elements in Kerd closed forms and those in Imd exact forms. Thus an equivalent

class [w] € HY(M) of a closed form w € Kerd, is given by
[w] = {w +dnly € A7 (M)},

By convention, we define HY(M) = Kerd, to be the space of constant functions, which is

just R! for connected manifolds.
Remark 3.5.1 Although we can it the cohomology group, it is simply a real vector space.

It is straight forward to check that the de Rham cohomology groups of a manifold M

of dimension n satisfies the following properties:
o HP(M)=0ifp>n.

e for a € HP(M) and b € HI(M), there is a bilinear product a A b € HP*?(M) which
satisfies
aNb=(=1)PDbAa.

o if FF: M — N is a smooth map, then it defines a natural linear map
F*: H’(N) — H?(M)
where commutes with the wedge product.
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Theorem 3.5.2 Let F': M x[0,1] — N be a smooth map. Set Fy(x) = F(x,t) and consider
the induced map F} : HP(N) — HP(M). Then

F = Fj.

Proof.  Represent a € HP(N) by a closed p-form o € AP(N) and consider the pull-back

form F*a on M x [0, 1]. We can decompose it uniquely in the form
Fra=p0+dt Ny
where 3(t) € AP(M) and ~(t) € AP~1(M) for all t € [0,1]. More explicitly,
f=Fa ~v= L%F*OA
Since « is closed, we have
0=da=dyB+dt Ao —dtAdy,

where d); is the exterior derivative of M. It follows that 0;5 = d7.

Now integrating with respect to ¢, we obtain

1 1 1
Fla—Fia= / o,pdt = / dpydt = dM/ dt.
0 0 0

So the closed forms Fj'o and Fjjo differ by an exact form and

Fla = Fja.

Example 3.5.3 H?(R") =0 forp > 0.

Proof.  Consider the family of maps

F:R"x[0,1] = R", (x,t) — ta.
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Then Fi(z) = z is identity and Fy(x) = 0. It follows that F}* : HP(R") — HP(R"™) is identity
while F : H?(R") — HP(R™) vanishes. Then if follows from Theorem that

H(R") = F}(H(R")) = F; (H"(R")) = 0.

U
Similar arguments show that the H?(U) = 0 for a star-shaped set U C R™ and p > 0.

This is usually called the Poincaré Lemma.

Theorem 3.5.4 (Poincaré Lemma) Any closed form on a star-shaped set U C R" is

exact.
Example 3.5.5 H?(S") =R! if p =0 or p = n, and vanishes otherwise.

Refer to Hitchin [I] for more details and applications.

3.5.2 de Rham theorem

The differentiable singular homology is constructed by requiring the continuous map
in the definition of singular simplices to be differentiable. Namely, a differentiable singular

p-simplex in M is a smooth map o from the standard p-simplex AP C RP to M, where
p .
AP = {z € Rﬂle =1 and z; > 0}.
i=1

Then the integration of a p-form w € AP M on the simplex o is defined as

/w ::/ w:/ o*w.
o o(AP) AP

This integration can be naturally generalized to p-chains and p-cycles.

Theorem 3.5.6 (de Rham theorem) Suppose M is an n-dimensional differentiable man-
ifold, then for each p = 0,1,--- ,n, there exists an isomorphism between the p-th de Rham
cohomology HY (M) and the p-th (differentiable) singular cohomology H;(M;Rl), which is
given by
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Here w is a closed p-form and c is a (differentiable) p-cycle.

The above action is well-defined since for any representative w’ = w + dn € [w] and

¢ =c+ 0b € [c], we have

/w’:/ (w+dn):/w+/dn+/w’.
c c+0b c c ob

Recall that by definition dc = 0 and dw’ = 0. It follows from Stoke’s theorem that

/dn:/n:O
c oc
/w’:/dw’:O.
ab b

In fact, one can prove the differential singular homology is the same as the (continuous)

and

singular homology. Thus the de Rham cohomology is a topological invariant. Moreover, the
exterior product induces an ring structure on the de Rham cohomology, and there is a ring
structure on the singular cohomology given by the cup product. The map constructed in the

de Rham theorem is actually an algebra isomorphism, i.e. it preserves the ring structure.
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4.1 Riemannian metrics

We have now seen that with the differential structure on a differentiable manifold, we
can perform both differentiation and integration on the manifold. The basic idea is to
mimic locally what we do on Euclidean space, and then patch everything together in a
well-defined global way. There is another important structure other than the differential
structure, namely, the inner produce structure, that can be also generated to differentiable
manifolds in a similar way. In this section, we will see that for any differentiable manifold M,
we can equip a metric on M, which is represented by a (0, 2)-tensor. With this Riemannian

metric, we can finally discuss the geometry of a differentiable manifold.

4.1.1 Inner product on a vector space

Let’s first investigate the notion of a metric on a (finitely dimensional) linear space,
i.e. the Euclidean space. A metric space is given by a distance function which satisfies the

triangle inequality. For a linear space V', a norm gives a distance function by letting
dlv,w) =|v—wl|, Vz,yelV.

In particular, an inner product on V will provide us both a norm |v] = (v,v)2 and the notion
of an angle, by

(v,w) = |v| - |w| - cos L(v,w).

For a finitely dimensional space, to define an inner product is equivalent to specify a
set of orthonormal basis, which is in turn equivalently defined by a positive definite matrix
under a choice of basis. For us, however, the most convenient way is to view an inner product

as a (0,2)-tensor g € T®?V such that
g(v,w) = (v,w), Vr,yeV.

where ¢ is symmetric and positive definite.
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4.1.2 Riemannian metric

Now for a differentiable manifold M, at each point p € M the infinitesimal local struc-
ture is given by the tangent space T, M, which is indeed a linear space. Thus we first define

an inner product on T,M at each point p € M, then we require it varies smoothly on M.

Definition 4.1.1 A Riemannian metric on a manifold M s a symmetric positive definite
(0,2)-tensor g € T(TCPM). A manifold endowed with a Riemannian metric is called a

Riemannian manifold
In local coordinates, we can write
glu(z) = gij(x)da’ @ da? =: g;;(x)da'da’,

where da'dr! = . (dz' ® da?) is the symmetric tensor product. Again the matrix (g;;) is
symmetric and positive definite.

The existence of a Riemannian metric dose not impose any restrictions on the manifold.
Indeed, for any manifold, one can construct a Riemannian metric by patching local Euclidean

metrics together by a partition of unity.

Example 4.1.2 The Fuclidean metric on a Fuclidean space can be written as
grn = 5Z]dl'zdl’J = Z(dl’z>2
i
in Cartesian coordinates. In particular, in the polar coordinates on R?, the standard metric
18

gr2 = dr?® + r2d6?.

An immersed submanifold of a Riemannian manifold is again a Riemannian manifold.
More precisely, if (M, g) is a Riemannian manifold and ¢ : N < M is an immersion, then N

is a Riemannian manifold with the pull-back metric ¢t*g.

Example 4.1.3 The two sphere S? is naturally embedded in the Euclidean space R®. Denote
the north and south pole of S* by N and S respectively. Recall that the spherical coordinates
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(r,0) € (0,7) x [0,27) is well-defined on S?\ {N, S}. The embedding is given by ¢ : S* — R?

where

(z', 2%, 2%) = o(r,0) = (sinrcos @, sinrsinf, cosr).

The standard metric of S? is the pull-back metric g = 1*go = dr® + sin® rdf?.

Using the stereographic projection at S, we can write the metric in another coordinate.

Recall the stereographic projection Pg : S*\ {S} — R? is a bijection given by

(61,6 = Pulat ot o) = (g ).
) Y Y 1+$371+x3

Then one verifies that the metric has the form

* o0 = 4 L dErdET
g="Psg0 = i+ 21(8)2)26”d5 ag’.

Example 4.1.4 (The two dimensional hyperbolic space)

e The half-plane model
H = {(z,y) € R’y > 0}

with
1

/2 (d2® + dy?).

g1 =
o The Poincaré disk model
D* = {(¢', &%) e R*¢* +9° < 1}
with

4 . .
S
92 =15 @ttt

o The hyperboloid model
sz — {(xl,xZ,x?’) c R2+1|(SL’1)2 4 (1’2)2 . (1’3) _ _1’1,3 > O}

with
g3 = dr* + sinh? rd6?,
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where we use the hyperbolic coordinates

(r,0) — (2, 2%, 2%) = (sinhr cos @, sinh rsin @, cosh r).

Definition 4.1.5 Let (M, g) and (N, h) be two Riemannian manifolds and F' : M — N be a
diffeomorphism. The map F' is called an isometry if the pull-back metric satisfies F*h = g.

If such an isometry exists, we also say (M, g) and (N, h) is isometric.

We may view the half-plane H? and the poincaré disk D? as subsets in the complex
plane C!. Then the isometry of H? and D? is given by the Mobius tranformation
Z—1

H? - D? z—i .
z+1

The isometry between the Poincaré disk D? and the hyperboloid H? is given by the stereo-

graphic projection.

Exercise 4.1.6 For an open neighborhood U C M, show that there exists a local orthonormal
basis {w;} C T(T*U) such that gly = > (w")?.

4.1.3 Manipulating indices of tensors

At each point p € M, the Riemannian metric g induces an isomorphism ®, : T,M —

Ty M as follows. For each v € T,M, we can find a unique dual v* € T7M by letting
v (w) = g(v,w),Yw € T,M.

Similarly, for each w € Ty M, we have a dual w* € T}, M such that
w(w) = g(w*,w),Yw € T,M.

Locally, suppose {e;} is a basis of T,M and {6’} C Ty M is its dual. If v = v'e;, then we
have v* = v;6°, where v; = g;;v7. Similarly, for w = @;0" and w* = a’e;, we have a' = gYq,
where (g) is the inverse of (g;;). We call this process lowering the index of v and raising

the index of w, respectively.
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By varying the point, the above process can be easily defined on a vector field or an

o)
Ozt

In fact, we may extend the isomorphism @, to any tensor space, and identify a (r, s)-tensor

1-form. For example, a vector field V = v'-% can be identified with a 1-form w = g;;v’dz".

T with a (r +1,s — 1)-tensor T or a (r — 1, s + 1)-tensor T' by raising or lowering the index,

respectively. In local coordinates, this means

Fiveink  lkrineir i1 01 tp—11
jredes = 9 g Tigoe = gl

Exercise 4.1.7 For a (0,2)-tensor h € T'(T®? M), identify it with a (1,1)-tensor and a
(2,0)-tensor by raising the indices. In particular, what are the corresponding tensors for the

Riemannian metric g?

4.1.4 Induced metric on tensors

The Riemannian metric g naturally induces a metric ¢g* on 1-forms by

g (w,n) = g(w*,n"),Yw,n € A (M).

Then the isomorphism ®, defined above becomes an isometry.

Next we can extend g to any tensor space on M by induction as follows. Suppose
ar,ay € TCSM, By, By € T®D M, then we define

gla1 ® Br, 00 @ B2) = gla1, ag) - gz, Ba).
For example, for the (0, 2)-tensor g itself, we can compute
ik _jl

(g.9) = (gijdz’ ® d2?, gryda® @ da') = g;;919" ¢ = 676}, = n.

Since any p-form is just an anti-symmetric tensor, we also obtain an inner produce for

p-forms. Indeed, for o, 8; € AY(M),1 <i,j < p, we have

g(Oél A A Ozp,ﬁl VANEIIRIVAN Bp) = det (g(()él,ﬁj))
Exercise 4.1.8 Prove the above identity.
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4.1.5 Volume form

Suppose (M, g) is an oriented Riemannian manifold. Since the space A"(M) of n-forms
is of one dimensional, there exists a unique n-form dv of unit length, which represents the
orientation. We call dv the volume form of (M, g).

Locally in a compatible chart, if dv = a(z)dz! A ---dz", then
(dv, dv) = a*det(g") = 1.

Thus dv = v/det Gdz' A - - - dz™ where G = det(gi;).
With the volume form, we can define the integration of any smooth function f € C*°(M)
by
/ fdv = / fla)Vdet Gda A - - da.
M M

4.1.6 Distance function on a Riemannian manifold

Using the Riemannian metric, we can define the length of any tangent vector. Namely,

we define the norm
o] = (v,v)2 = g(v,v)2, Vv € T, M.

Since a smooth curve can be approximated by a piecewise linear curve, we then can define
the length of the curve by taking a limit. More precisely, suppose 7 : [a,b] — M is a smooth
curve, then we define the length of v by

£(y) = / b

Finally, for any p,q € M, we consider the space C(p,q) of all possible curves on M that

dry
=L\ dt.
dt

connects p and ¢, and define the distance function by

d(p,q) = inf L(v).

v€C(p,q)

One can verify that d is indeed a distance function, i.e. it satisfies

1) d(p,q) = d(q,p) > 0 for any p,q € M,
2) d(p,q) =0iff p=gq,

- 91-



92 CHAPTER 4. RIEMANNIAN MANIFOLDS

3) d(p,q) < d(p,r)+d(r,q) for any p,q,r € M.

It takes some efforts to prove item 2). One needs to show that since the metric is smooth,
locally the metric g = g;jda’dz? and the standard one gy = Y, dz'dz’ are equivalent. In

fact, we have the following theorem.(cf. [3], page 94)

Theorem 4.1.9 The topology of the manifold M coincides with the topology induced by the

distance function d.
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4.2 Hodge theorem

4.2.1 Hodge star operator

For an n-dimensional vector space V', since the dimension of APV and A" PV are equal
CP? = C"7P  one may wonder if there is an canonical isomorphism between these two linear
spaces. This is indeed the case if V' is endowed with an inner product structure.

Fixing an orientation and hence a volume form dv, the Hodge star operator is the linear

operator
APV — A"V, n— xn

such that the n-form
wA (1) = (w,n)dv, Yw € APV.

Note that we need an orientation on V' to assign the volume form. As an easy corollary, we

have *1 = dv and
wA (*w) = (w,w)dv, Yw e APV.

More explicitly, if {ej, -+ ,e,} € V* is an oriented orthonormal basis of V* such that

dv=e; N---Ne,. Then we have
*(61/\"'/\€p):€p+1/\"'/\6n.

It is easy to verify that
* 0k = (—1)p("_p)idp.

Exercise 4.2.1 Prove the above identity.

4.2.2 Co-differential operator

On an oriented Riemannian manifold M with a metric g, the Hodge star operator is
point-wisely well-defined on each cotangent space T;M,Vp € M. Thus we have a global
operator * : AP(M) — A" P(M).

We can also introduce an inner product on AP(M) by letting

(w,n) = /M<w,n>dv=/MwA(*n)-
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Recall that there is an exterior differential operator d : A?(M) — AP*1(M). Using the
star operator, one can define an adjoint operator 6 : AP(M) — AP~1(M) by setting

0= (—1)"(p+1)+1 % od o *.

Theorem 4.2.2 For a compact Riemannian manifold M without boundary and w € AP(M)
and n € APTH(M),
(dw, n) = (w, 7).

Proof.  First, we have
d(w A *n) = dw A xn+ (—1)Pw A (d o *n).
Applying Stoke’s theorem, we get
(dw,n) = / dw N *n = (—1)”“/ w A (dox*n).
M M
But for d o *xn € A" P(M),
doxn= (1" xoxodoxn=(—1)""*"xodn.

Since p(p + 1) is even, the theorem follows. [l

Remark 4.2.3 Actually, we have an invariant formula for w € AP(M) as follows
dw(+) = —diw(-) = =V,w(e;, ),
where V is the Levi-Civita connection. In particular, for a one form o = a;dx®, we have
Sa = —diva = —ga; ;.
Applying the Hodge star operator, we get

¥ 00 = —do xa = — * divae = — divadv.
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Therefore, by the Stoke’s formula, we have

/divozdv:/ *QL.
M oM

4.2.3 Hodge theorem

The Hodge Laplacian operator A : AP(M) — AP(M) for p-forms is defined by
A=0dod+dod.
A p-form w is called harmonic if Aw = 0. Since
(Aw,w) = (dw, dw) + (dw, dw),
we see that w is harmonic iff dw = 0 and dw = 0. Moreover, the Laplacian operator is
self-adjoint, i.e.
(Aw,n) = (w, An).
Remark 4.2.4 For 0-forms f € A°(M) = C*(M), the Hodge Laplacian is

Af=3dodf,

which differs from the trace Laplacian by a minus sign. Thus the Hodge Laplacian is a

generalization of classical Laplacian operator on forms.

Theorem 4.2.5 (Hodge theorem) There is a unique harmonic p-form in each equivalent

class in the de Rham cohomology group HY(M),V1 < p < n.
In fact, the exterior space have the following decomposition
AP(M) =Im(A,) & Ker(A,) = Im(d,—1) & Im(dy11) & Ker(A,).
Therefore, if we define the Hodge cohomology

HP(M) = Ker(A,) = {w e AP(M) : Aw = 0},
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then we have an isomorphism between the Hodge cohomology and the de Rham cohomology.

Remark 4.2.6 Recall that the de Rham cohomology is isomorphic to the singular cohomolo-
gy, which is entirely a topological invariant. Thus, for a differentiable manifold, we can apply
the powerful machinery of a Riemannian metric to investigate the topological information.

This is perhaps one of the most important goals of Riemannian geometry.
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5.1 Linear connection

5.1.1 Directional derivative and linear connection

We first review the classical directional derivatives on Euclidean space, then introduce

the concept of linear connections on manifolds.

Given a point x € R™ and a vector v € T,R"™ = R", the directional derivative of a vector

field (that is, a vector-valued function) Y is given by

d . Y(z+tv)—Y(x)
D,Y (z) = pr tZOY(x +tv) = %1_1)1(1) ; .

The operator D satisfies Leibniz’s rule for Y, i.e.
D,(fY)=D,f-T+ f-D,T,

and is linear on v.

One way of taking derivatives of two vector fields on a differentiable manifold M is the
Lie derivative. Recall that the Lie derivative of two vector fields X, Y € X (M) by
d (¢—t)« oY (¢u(x)) — V(z)

LY (&) = G, (0.0 V(0 = lim t

= [X, Y],

where ¢, is the one-parameter group of diffeomorphisms generated by X. The Lie derivative

satisfies the Leibniz’s rule for Y, i.e.
Lx(fY)=X(f)Y + fLxY.

However, to define the Lie derivative LxY (x), we need X to be defined on a neighborhood
of z. The problem is that we use X to define ¢;, and hence the mapping (¢;). between
different tangent spaces. Thus the Lie derivative is essentially different from the classical

directional derivative.

To solve the problem, the key is to find a way to connect different tangent spaces. There
are many different ways to assign such a connection. One short-cut is to put the most desired

properties directly in our definition, as follows.
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Definition 5.1.1 A linear connection is a linear operator

D X(M) x X(M) — X(M),
(X,Y) = DxY

which satisfies, for any f € C®(M),

(1) Leibniz’s rule on Y :
Dx(fY)=X(f)-Y + [ DxY.

(2) C*°-linear (or tensorial) on X:

DxY = fDx.

Property (2) in the above definition guarantees that DxY (x) only depends on X(x)
(instead of the value of X in a neighborhood). It also allows us to view D as a covariant

derivative operator
D:X(M)— X(M)® A (M),

Y — DY,

such that (DY)(X) = DxY.
For a smooth function f € C*°(M), we will denote Df = df and

Dx f=df(X) = X(f).
The connection naturally extends to 1-forms by requiring the Leibniz’s rule
Dx(w(Y)) = Dxw(Y) + w(DxY).

Or equivalently,

Dxw=Dxow—woDx =[Dx,w|.
Moreover, we can extend D to a differential operator on tensors
D:X(M)x T(M)— T(M)
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by letting

Dx(Vi®- 0V, 0w @ ®w)
=DxV® -V, uwl® - @uw+-- +Vi® - 0V.0w ®- - ® Dxw’.

Exercise 5.1.2 Show the existence of at least one linear connection on a manifold.

(Hint: first define trivial linear connections in local charts, then use partition of unity.)

5.1.2 Connection coefficients and connection forms

Now we discuss local expressions of a linear connection D. Locally in a neighborhood
x € U C M, suppose {e;} C I'(TU) is a local frame and {4’} its dual. Suppose X = d’e;

and Y = be; are two vector fields, then
DXy = aiDi(bjej) = ai((“)ibjej + bjDZ‘Gj),

where use the notation D; = D,, and 0; = J.,. Thus the linear connection D is completely

determined by D;e;. Since D;e; is still a tangent vector, we can write
Diej = Afjek, (5.1)
where {A};} are locally defined smooth functions. Alternatively, we can write
Dej = Die; ® 6" = Afjéi ® eg.
In this way, we locally identify D with a matrix-valued connection 1-form

() kSt
A=A = (AR

where A; = (Afj)lgj7k§n is n X n matrix for each i = 1,--- ,n. Thus locally we can simply
denote D = d + A such that

DX = D(X'e;) = (dX* + X/ALS" ) @ ep = (d+ A)X.

Next we study the transformation law of connection 1-forms under a change of local
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frames. Suppose for a different choice of local frame e; = s;ﬁei, the connection 1-form of D

becomes A = A;6'. If we write in matrix form e = Se where S = (s%) € GL(n), then
Dé = Ae = D(Se) = dSe+ SAe=dSoS e+ SoAoS e

It follows
A=-S0dS'+S0A0S" (5.2)

Therefore a linear connection D is equivalent to a set of local connection 1-forms {A,}
subordinating to an open cover {U,}, which satisfies the above transformation law (5.2)) on
overlap area. In particular, the connection form A is not a globally defined tensor, but the

difference of two connection forms is.

Remark 5.1.3 Note that the locally expressions of D can vary for different types of tensors.
For example, since
0= D;(0"(e;)) = (Did")(e;) + 6" (Dse;),

we get for 1-forms,

Dis* = — ALy,

5.1.3 Parallel transport

Now we explain the relation of linear connections with the classical directional deriva-
tives.

Let D be a linear connection on M. Suppose v is a curve on M with v(0) =p € M,
and X € X(M) is a vector field. We say X is parallel along ~ if

V.X = V., X(y(t) = 0.

In local coordinates, if X (t) = a'(t)9; and 7/(t) = V/9;, then we require

da’

X:
Vi (dt

+ ajb’frg'.k) 9; = 0.

This is a first-order ordinary equation and have a unique solution for any initial data X (0) =
veT,M.
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Now given a curve v starting from p € M, we can define the parallel transport
P, :T,M — TyyM, v Pyv)

by requiring P;(v) to be parallel to v along . Obviously, P, is a linear in view of the ODE
theory. Moreover, the parallel transport along v in the opposite direction gives an inverse of
P,. Thus P, is a linear isomorphism. Note the dependence of P, on the curve v here, which

is essentially different from the Euclidean space.

Theorem 5.1.4 The linear connection D satisfies

—1 .
Dy(x)= 4| Ptov(p) =ty oY OO =YW
t=0 -

(5.3)

Proof.  Let 7 be a smooth curve with v(0) = z and 7/(0) = v. Let {e;} C T, M be a set
of frame at x. By parallel transport along v, we get a moving frame {¢;(t) := P;(e;)} on 7

which is satisfies D,e; = 0.

Now suppose Y (t) = b(t)é;(t) along v. Then we have
D,Y (z) = Dy(b'€;)|i=0 = 0:b"(0)e;.

One the other hand, we have

Therefore, we get

and the theorem follows. OJ

Remark 5.1.5 Actually, given a parallel transportation map which satisfies suitable condi-

tions, then we can define the linear connection by . (Cf. Wu)
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5.1.4 Torsion tensor
First recall that the Hessian of a smooth function f on R™ is simply defined as the

_( %F
Df = (6xi8$j> '

The Hessian of a function f € C°°(M) with regard to a linear connection D is defined by
the (0,2)-tensor D*f = Do Df. Given X,Y € X(M), by the Leibniz’s rule,

symmetric matrix

Dy (Df(X)) = (DyDf)(X) + Df(DyX).
It follows
D*f(X,Y) := (DyDf)(X) = DyDxf —Dp,xf =Y o X(f) = (DyX)(f).
Interchanging X and Y, we get
D*f(Y,X) =X oY(f) = (DxY)(f).
The difference of the above two terms is
D*f(X,Y) = D*f(Y,X) = (DxY — DyX — [X,Y])f.
Thus we are led to define the operator T : X(M) x X(M) — X(M) by
T(X,Y) = DxY — DyX — [X,Y],

it is easy to verify that T' is a skew-symmetric (1,2)-tensor. We call T' the torsion tensor
of the linear connection D. Obviously, the Hessian D?f is symmetric iff the torsion tenor T

vanishes.

Remark 5.1.6 Note that the following Leibniz’s rule is false

Dy (X(f)) =Y o X(f) # (DyX)f + X(Dy(f))-
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In fact,

Exercise 5.1.7 In a local frame {e;}, find the local expression of the torsion tensor T in

terms of the connection coefficients {A%} of D.
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5.2 Levi-Civita connection

5.2.1 Definition

There are infinitely many (even torsion free) linear connections on a given manifold. If
the manifold is endowed with a Riemannian metric, then we will see that there is a canonical

linear connection on the Riemannian manifold.

Definition 5.2.1 The Levi-Civita connetion of a Riemannian manifold (M, g) is a linnear

connection V satisfying
1) (torsion free) T(X,Y)=VxY = VyX — [X,Y] =0,VX,Y € X(M),
2) (compatible with the metric) Vg = 0.

Note that the torsion-free property gives
VxY —VyX = [X,Y].
And compatibility with ¢ is equivalent to
Vx(Y,Z) = (VxY,Z)+ (Y, VxZ), VX,Y,Z € X(M).
Equivalently, if we choose an orthonormal frame {e;} such that V;e; = Afjek, then
0= Vi(ej, er) = (Viej, ex) + (e, Vieg) = Afj + Aik

Thus Afj = —A], is a skew-symmetric matrix for each 7. In other words, the connection

form in an orthonormal frame is a so(n)-valued 1-form.

The Levi-Civita connection is particularly important because of the following theorem.

Theorem 5.2.2 There exists a unique Levi-Civita connection V on every Riemannian man-
ifold (M.g).
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Proof. It suffices to verify that a Levi-Civita connection is determined by the formula

UVXY,Z) =X (Y, Z) +Y{Z,X) — Z(X,Y)

(5.4)
(X, Y], Z) — (Y, 2], X) + ([Z, X].Y).

O

As before, the Levi-Civita connection and the covariant derivative can be extended to

any tensor

V:T(M) = T(M)@A (M), T VT =VT®:?.

Exercise 5.2.3 Let (M, g) be a Riemannian manifold and D be a linear connection. Show

that the parallel transport induced by D is an isometry if and only if D is compatible with g.

5.2.2 Christoffel symbols

In local coordinates, the connection coefficients of the Levi-Civita connection in natural

frame {0; := %}, which is also known as the Christoffel symbols, are given by

Then for 1-forms, we have
Vida" = =T} da’.

By torsion-freeness, we have
By compatibility with the metric, we have
Oigii = Vi(0;,0k) = (Vi0;,0) + (05, Vi) = guls; + gl
It follows that the Christoffel symbol is symmetric for fixed k, i.e. I’fj = I‘fi and
N
Iy = 29 (Oigjt + 0j9a — O19ij) - (5.5)
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Note that the connection 1-form I' = Ffjdxi changes by the transformation law ([5.2)) under

changes of coordinates.

Using the Christoffel symbol, we can write down the Hessian of a function
V2 f = (0:0;f — T50f)da’ ® da.
Taking the trace of the Hessian, we get the Laplacian
Af =tr,V?f =g7(0:0;f — 500 f).

5.2.3 Examples

Here we present some basic examples of Riemannian manifolds. Note that the metric

and the Levi-Civita connection has different coefficients in different coordinates.

Example 5.2.4 For the two dimensional Euclidean space R?, the Levi-Civita connection
is just the standard derivative. In the Cartesian coordinates we have gy = dx?* + dy* and
the Christoffel symbol vanishes. However, if we choose the polar coordinates (r,0), then the
metric becomes gy = dr?® + r2d6?. With a simple computation by using (5.5), it follows that

the non-vanishing Christoffel symbols are
0 0 1 r
g =14, = —, I'yy = —-
r
Hence the Laplacian of a smooth function f is
2 1 L
Af =01+ =0+ 50,/
r r

Generally, if a metric is given by g = dr? + ¢*(r)d6?, which is sometimes called wrapped

metric. Then the Christoffel symbols are given by

¢

I =Th =" Thy = oo,
0 0 G o
Hence the Laplacian of a smooth function f is
2 / Ly
Af:@qf—kg@f—l—ﬁagf.

- 107 -



108 CHAPTER 5. CONNECTIONS

Remark 5.2.5 Here is another explanation for the above example. It is easy to see that

X = é@g is parallel along O,.. Thus

V,0 = V,(¢X) = ¢/ X = %89.

On the other hand,
Tho = (Vo0 0,) = —(09, V0,) = —¢°T,.

Definition 5.2.6 Let (M, g) be a Riemannian manifold, a metric h is called (point-wisely)
conformal to g if h = A\g for some positive function A € C>*°(M).

Definition 5.2.7 Let (M, g) and (N,h) be two Riemannian manifolds and F : M — N be

a map. F is called a conformal map if the pull-back metric F*h = A\g is conformal to g.

Now suppose h = Ag is conformal to g and denote the Christoffel symbols of h and ¢
by ffj and T'}; respectively. It is easy to verify that

~ 1
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5.3 Geodesics

5.3.1 Definition and examples

Definition 5.3.1 A smooth curve v : [a,b] — M s called a geodesic if it satisfies the
equation
V., =0.

Locally, set () = (z'(t), -+ ,2"(t)), the equation of geodesic has the form

d?x® p dat dxd
4+ =
dt? Yodt dt ’

where Ffj are the Christoffel symbols. This is a second order ODE system. By standard
ODE theory, it has a unique local solution v on an interval [0,T) if it is supplemented by
initial data

7(0) =p,7'(0) =v € T,M.

Moreover, the solution v and the survival time 7" depends smoothly on the initial data.

Lemma 5.3.2 Suppose v is a smooth curve on (M,g), and V,W are parallel vector fields
along v, then
d

Proof.  Since V,W are parallel, V.,V = V,,/I/W = 0. It follows from the compatibility of

Levi-Civita connection that

d
SAVW) = (T 0V, W)+ (V, V1) =0,

Corollary 5.3.3 If v is a geodesic, then ~' is parallel along v and || = ¢ is constant.

From the above proposition, we can see that if a curve is a geodesic, then its parametriza-
tion has to be proportional to its arclength parameter. But this does not add extra con-

straints on the curve, since any curve can be parameterized by its arclength. In fact, for

t
5= a+/ |v'|dt.
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Then under the new parameter s, v is a map - : [0,1] — M with [ its length, and

| _|o |,
ds ds|

_ Iy
| dt

Example 5.3.4 1. Euclidean space (R™, go):

Since the standard connection D on R™ is trivial, the Christoffel symbols vanish, and
the equation is reduced to
d*zk da’

dt2 :O,l'(O):b,E(O):CL

It has a unique solution which is just a linear function y(t) = a-x +0b. Thus geodesics

i R™ are just straight lines.

Torus (T™ = R"/(Z*)", go):
The metric are still flat and geodesics are straight lines. However, since for each
p,q € T", there are infinitely many preimages in the covering space R", there are

infinitely many lines which connects p and q.

Sphere (S™, go):

Using the embedding S™ C R, the Levi-Civita connection on S™ can be expressed by
VxY = (DxY)" VXY € (X)(S™).

Then one can easily verify that geodesics on S™ are great circles. Observe that there
are infinitely many great circles connecting antipodal points p, —p € S™. Otherwise, for
general two points p,q € S™, there is a unique great circle connecting p and q, which

18 divided into two segments.

. Hyperbolic space (H,g) (where H is the half plane and g = ﬁ Sor (dxt)?):

Geodesics in the half plane model are semi-circles which are orthogonal to the hyper-

plane {x™ = 0}.

- 110 -



5.3. GEODESICS 111

5.3.2 First variation formula

We have seen that geodesics on Riemannian manifolds are natural generalization of
straight lines in Euclidean spaces. In fact, we will show that the shortest curve between two
points are geodesics.

Given a smooth curve 7 : [a,b] — M, its length is defined by

b
= / 7| dt.

Then we define the distance of p,q € M by

dist(p, q) = inf{L(7)|y : [a,0] = M,~(a) = p,7(b) = ¢}

Thus if v attains the distance of p, ¢, then it must be a critical point of the length functional
L.

Thus we choose a variation J : [a,b] X (—€,¢) — M, i.e. is a family of smooth curves
vs(t) = B(t, s) : [a,b] = M. Then we compute

d
are0 = [ s

= Ta ol t~ t d
/a |8t5|<v8v6 V.B)dt

b
1
= /a m(vtvsﬁ7 Vtﬁ>dt

b
1
- Ta ol t sHy Vit - sMy VEVL d
| G @898~ (9.6.9.9,5) a

Therefore, if |7/| = [ is constant, and we denote V' := 9,|,—0, which is a vector fields along

v, then

d 1 . b /
Bl L) =7 <<V,v Mo - / (V. V. >dt) _

Theorem 5.3.5 Suppose v : [0,l] — M s a shortest curve connecting q,a € M and is

parameterized by its arclength, then v is a geodesic.
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Proof.  Let vs(t) = B(t,s) : [0,{] x (—€¢,€) — M be a family of smooth curves connecting p
and ¢g. Then 5(0,s) = p, B(l,s) = q, hence V(0) = 0,V (1) = 0. Then by the first variational

formula, we have

d b
—1|  L(vs) = V, V.~ )Vdt = 0.
7o L) /Q< v
Since the equality holds for any V, it follows V.~ = 0. O
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5.4 Exponential map

5.4.1 Definition of exponential map

Suppose for v € T,M, there is a radial geodesic v : [0,1] — M such that v(0) =
p,7'(0) = v, then we can define a map from v to y(1) € M. The following lemma, which
is a direct conclusion from ODE theory, says this map is always well-defined in a small

neighborhood.

Lemma 5.4.1 Given a fixed point po € M, there exists a neighborhood U and a small
number € > 0, such that for allp € U and v € T,M, |v| < €, there is a unique geodesic
Yo i (—€,€) = M satisfying v,(0) = p and ~,(0) = v.

Definition 5.4.2 For each p € M, the exponential map exp, : U — M is a map defined on
a neighborhood U C T,M such that exp,(v) = v,(1),Yv € U.

An easy observation is that (using uniqueness of geodesics)
exp,(tv) = (1) = 7, (t),Vt € [0,1],v € T,M.

By the above lemma, the exponential map is well-defined in a small e-ball centered at
the origin in 7, M. Therefore, we can use the exponential map to define a normal coordinate
in a neighborhood of p. Namely, we have a local chart (U, exp,';y*) where (y',---,y") is
the Cartesian coordinates on 7, M.

However, € is dependent on the base point p. Also, in general it is not known if it exists

in a large domain. A simple example is the incomplete space R™ \ {O}.

Example 5.4.3 1. exponential map for matrices.

=1
exp;(A) = exp(A4) =Y EA’C,VA € M,.
k=0

2. exponential map for S*.

expy z = exp(ir),Vz € R
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5.4.2 Gauss lemma

Lemma 5.4.4 The radial geodesics from a point p € M are orthogonal to distance spheres

around p.

Proof. Tt suffices to show that the radial geodesic is orthogonal to any curve on the distance
sphere.

Let v(s) be a curve on the distance sphere of radius a > 0, namely, |v(s)| = a. Define
f(r,s) = exp,(rv(s)). Then by definition, v,(r) = f(r,s) is a radial geodesic and V,f =

74 = v(s). Then we compute

aT‘<va7 VSf) = <v7"v1”f7 st) + <v7‘f7 vasf>
= <V7“f7 strf> = %|vrf|2 = 0.

Thus (V, f, Vs f) is constant along 7.
On the other hand, at the origin where r = 0, since f(0,s) = p, we have V f(0,s) = 0.

Therefore,

(Vof, Vsf)(r,s) = (Vi f, Vs f)(0,5) = 0.

U

As a consequence of the Gauss lemma, we can find a geodesic polar coordinate around

a point p € M such that

n—1
g=dr’+ Z i (r, 0)do"d6” .
ij=1

Lemma 5.4.5 Suppose B.(0) — M is an embedding, then

1. For all v € B,(0), let v,(t) = exp,(tv) : [0,1] — M and q = ~,(1). Then v, is the
unique curve satisfying
L(v) = d(p,q) = [v].

In particular, 7, is the unique geodesic connecting p and q.

2. For all g ¢ B.(p), then exists ¢ € 0B(0) such that

d(p,q) = e+d(qd,q) = d(p,q) +d(¢,q).
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T,M
w
7o
U“
lexpp
(epr) * (U}
M
Yo

Figure 5.1: Gauss Lemma

Proof. (1) Let 0 : [0,1] — M be a curve connecting p and ¢q. Denote the distance function
r(z) = d(p, x), . Since |Vr| = |d,| = 1, we have

d
o] 2 (0", Vr) = Zroa(t).

It follows O

5.4.3 Hopf-Rinow theorem

5.4.4 Normal coordinates

In Euclidean space, there is a natural choice of coordinates, namely, the Cartesian coor-
dinate, by fixing a set of orthonormal basis at the origin. Then in this Cartesian coordinates,
lines are represented by linear functions. Here we want to find an analog in a Riemannian

manifold. It turns out that the exponential map provides us a natural choice.
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Normal coordinates

Let (M, g) be a Riemannian manifold and p € M. Suppose U € T, M is a neighborhood
of the origin such that exp, : U — V' is a diffeomorphism for some neighborhood V' C M of
p. The tangent space is linear space and we can define a Cartesian coordinate by fixing an
orthonormal basis {e;}; C T,M. Namely, we define a linear map o : T,M — R" by letting
o(e;)) = (0,-+-,1,--+,0). Then for any v = v'e; € T,M, we haves(v) = (v',--- ,0v"). Set

¢ = ocoexp, ! then (V, ¢; x%) is a local chart around p, which is called the normal coordinate.
Lemma 5.4.6 If g(x) = g;;(x)da'dz? in the normal coordinate, then at the base point p,

1. 9i5(0) = dij;

2. T(0) = 0;

3. 0rgi;(0) = 0.
Proof.

L. g;5(0) = g(0;,05) = g(ei, €5) = dij.

2. In the normal coordinate, for any v = v'e; € T, M, the radial geodesic 7,(t) = exp,,(tv)

has the expression ¢ o~,(t) = (tv!,--- ,tv™). Using the equation of geodesics, we have
d*z* da® dx?
0=V2y = k. -
=g T g

Since z' = tv' is linear, we get I'};(tv)v'v! = 0. Evaluating at ¢ = 0 we have I'};(0)v'v/ =
0. Since it holds for all v, we get T'¥;(0) = 0.

3. It follows directly from the formula
hgij = 09(0:,0;) = g(V10:,0;) + 9(0i, Vi0;) = Tiygu; + Thi9a-

O

It follows from the above lemma and Taylor expansion that, in the normal coordinates

9(z) = grn + O(|7/?).
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More precisely, we have
1
9ij (ZE) = 5@' + éﬁkﬁlgijxkxl + O<|l‘|3)
We will see that the second order term is determined by the curvature tensor in Section...

Geodesic polar coordinate

If we choose the polar coordinate on 7}, M instead of the Cartesian coordinate, then we
get the geodesic polar coordinate. More precisely, let & : T,M\{0} — R} xS" !, 5(v) = (r,0)
where 7 = |v| and § = (0',---,0"!) are standard spherical coordinates in S~ '. Let
b =060 exp;l, then (V, ¢; (r,0)) is a local chart around p and is called the geodesic polar

coordinate.

Lemma 5.4.7 In the geodesic polar coordinates, the metric has the form

n—1
g(r,0) =dr’+ > gi(r,0)d0"d6’ .
ij=1
Proof. It suffices to prove that g, = 0 and g, = 1. The first identity follows directly
from the Gauss Lemma. For the second one, observe that any point ¢ = exp,(v) € V where
v = & '(ro,6p), let e = v/[v|] be the corresponding unit vector and 7.(t) = exp,(te) be
the radial geodesic. Then the tangent vector 0, at ¢ is just the derivative of v, at t = rg.

Therefore, we have

10:] = [e(ro)| = [7¢(0)] = [(expy)«lo(e)] = [e] = 1.

[
A important consequence of the lemma is Vr = 0,. Since r(q) = d(q) = dist(p,q) we
know that |Vd| = |0r| =1 (in a injective area).
From the fact that g(z) = gre +O(|z|?) and ggn = dr?+71r2ggn-1, we find that the second
term in the above has the form

n—1

Z 9ij(r,0)d0'd0? = r?ggn—1 + O(r?).

ij=1
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5.5 Curvature
5.5.1 Definition and symmetries of curvature tensor
Recall that the double covariant derivative is defined by
V%QY =V,Vy —Vy,v

and is applicable to any tensor. Since the Levi-Civita is torsion free, the double derivative

of a function commutes, i.e.
V?X,Yf = v2Y,Xf7 VX7Y S %(M)

However, this is not the case for general tensors, and the curvature is just the communicator.

Definition 5.5.1 The curvature of a connection is a (1,3)-tensor defined by

. X(M)x X(M)xX(M) —X(M)
(X,Y,2) —R(X,Y)Z =V%yZ —VyxZ

By definition of the double derivative, it is equivalent to define
R(X,)Y)Z =VxVyZ = VyVxZ —Vixy1Z.

It is easy to verify that R is indeed a tensor. By raising the index, it also gives a

(0,4)-tensor. However, it differs from the (1, 3)-tensor by a minus sign.

Definition 5.5.2 The curvature (0,4)-tensor is
R(X,Y,Z,W) = (R(X,Y)W, 2).
In local coordinates, we set R(0;,0;)0, = Rﬁjkﬁl and

Riji = R(0i, 05, 0k, 01) = —(R(0;, 0;) 0k, O1) = — R}y G-
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Pay attention to the minus sign here, or one will get negative curvature for spheres. By the

definition of the curvature, one can verify that

RL, =0T, — o;T + T}, I — T, T (5.6)

im= jk jm~ ik*

In particular, in normal coordinates of a fixed point p € M, we have g;;(p) = d;j, 0k 9:;(p) =
0,T%(p) = 0. Recall that

1
rk = 5g’“l(&gﬂ + 090 — 01945),
it follows that at p,

1
—Riju = Rl = Oy, — 0Ty, = §(aiak9jl — 0,019 — 0j0kga + 0;01Gir)- (5.7)

Thus R is completely determined by the second order derivatives of g;;. In fact, the converse

is also true. Namely, we have
1 1
5(%31% = g(Rkijl + Ruijk)-

This is exactly the way Riemann originally defined the curvature tensor.

The the symmetry of R is obvious from the expression ([5.7]), namely, we have
Riju = —Rjin = —Rijie = Ryij

and the first Bianch identity

) kij

Or equivalently, we have
R(X,)Y,Z,W)=R(Z W, X Y)=-RY, X, Z,W)=-R(X,Y,W, Z).

and
R(X,Y)Z+ R(Y,Z)X + R(Z,X)Y = 0.
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Actually, the covariant derivative VR also another symmetry. To see this, we compute

in normal coordinate that

Thus we get the second Bianchi identity:

ViRl + VR, + ViR, =0, (5.9)

kim ijm
or equivalently,

VxR(Y, Z)W + VyR(Z, X)W + V,R(X,Y)W = 0.

5.5.2 Other curvatures

The Ricci curvature is a (1, 1)-tensor defined by taking trace of R, i.e. for an orthonormal
basis {E;},

Re(X) = i R(X,E))E;.

It also gives a symmetric (0, 2)-tensor by

Ric(X,Y) = zn: R(E., X, E;,Y) = (Ric(X),Y).

=1

In local coordinates,
S Kl _ pk _ pi gk
Ric = Rij =g Rk;z‘lj = Rk;ijv Rc = Rz = gj Rzk
The scalar curvature is the trace of Ricci curvature, i.e.

R= Ric(E;,E;) =Y _ R(E;,E;, B, Ej).
i=1 ij=1
In local coordinates,

R = tr Ric= R! = ginZ-j = gijgkle’ka-
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Taking trace w.r.t. < and [ in (5.9)), we get
ViR — ViRim + ViR = 0.
Taking another trace w.r.t. £ and m, we get
ViR; — V;R+ VR =0.

Here we used the fact that the covariant derivative commutes with trace, i.e. Votr =troV.

Therefore, we arrive at

1
divRic = édR.
The sectional curvature assigns a real number to each 2-plane in the tangent space by

CRLY,XY)  (RXLY)Y,X)
SXY) =" AVE T RPYE - (XY

Obviously, S(X,Y) only depends on the 2-plane II spanned by X,Y. Evidently, it is the
Gauss curvature of the 2-submanifold that is tangent to II(X,Y’). In fact, the sectional

curvatures determines the full curvature tensor.

Proposition 5.5.3 Let R and R’ be two (0,4)-curvature tensors which satisfies S(II) =
S'(I1) for all 2-planes I1 C T,M. Then R = R'.

5.5.3 Example

As an example, we compute the curvature of the 2 dimensional manifold with wrapped

product metric g = dr* + ¢*(r)d6>.

Example 5.5.4 Suppose (M, g) is a two manifold where g = dr* + ¢*(r)d6* (in geodesic
polar coordinate).

First we compute the Christoffel symbols. Since O, is parallel with |0,| = 1, we have
7 =T% =0. Let X = %89, then | X| = #(39,8@ = 1. By Gauss lemma (0,, X) = 0, thus

V. X =0 and X is also parallel along r. Then we can compute

W%z%@ﬂde:%%
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It follows T% = ¢/ /¢ and Iy = 0. On the other hand,
1 1, 5
(VoOs, 0p) = 500(0p, 0p) = 509" =0,

and

(VgDp, 0,) = —{(0p, V0,) = —¢*T5,.
It follows T9, = 0 and 'y = —¢'¢.
Now we can compute the curvature. By (@), we have

Rl = 0,1, — 0pT%, + 10 Th —T§ T

ror Op~ rr

= aTFgr + FOOFgr

r

a(2)+(5)

¢/l
— E
It follows Ryorg = —gee RS, = —¢"¢. Therefore
RT T !
S(0,, %) oro ¢

T 102l = (0,002 6

As a consequence, we now know the curvature of the standard space forms:

1. Euclidean space (R? g = dr? 4+ r2d6?). Since ¢(r) = r, ¢"(r) = 0, it has constant

curvature 0.

2. Standard sphere (S2,g = dr? + sin®rdf?). Since ¢(r) = sinr, ¢"(r)

constant curvature 1.

= —sinr, it has

3. Hyperbolic space (Bi, g = dr? + sinh® rd6?) (disk model). Since ¢(r) = sinhr, ¢ (r) =

sinh 7, it has constant curvature —1.
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